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Introduction

This volume collects the contributions of some of the leading experts in
PDE who gave courses in the two intensive research periods I organized
at the Centro De Giorgi of Scuola Normale Superiore at Pisa and at the
University of Parma, in September 2009 and in the Spring of 2010, re-
spectively. The speakers kindly agreed to give courses whose aims were
both to review the established theory and to present the latest research de-
velopments; the notes included here summarize and extend the content of
the lectures given in some of the courses offered by the schools. Specif-
ically, the book contains three different contributions: the first one, in
order of presentation, is by Ernst Kuwert & Reiner Schitzle, the second
by Tristan Riviere, the third and final one by Bruno De Maria & Nicola
Fusco. The first two parts are of expository character, and summarize
some recent results obtained by the authors, after giving a rather general
and comprehensive introduction to the subject. The third one contains
some new results together with an up-to-dated presentation of the setting
of problems dealt with.

I hereby take the opportunity to acknowledge the support of the Euro-
pean Research Council via the ERC Grant 207573 “Vectorial problems”
and to thank the colleagues who were also responsible of the organization
of the intensive periods, and, amongst them, especially Frank Duzaar and
Juha Kinnunen.

The volume starts with the beautiful lecture notes, simply titled “The
Willmore functional”, by Ernst Kuwert & Reiner Schitzle. They give
a very comprehensive introduction to the basic analytic aspects of the
analysis of Willmore surfaces, i.e. the critical points of the Willmore
functional, smoothly taking the reader from the basic facts to some of
the most updated current research issues. After recalling the starting def-
initions and introducing a number of related tools, such as for instance
monotonicity formulas, the authors present a careful analysis of basic as-
pects of the Willmore flow (the gradient flow associated to the Willmore



functional) such as estimates on the maximal existence time interval and
then the blow-up analysis of singularities at the time of their formation;
asymptotic convergence properties are considered and studied as well.
The authors then proceed in the analysis of the conformal parametriza-
tion properties of surfaces; it is here remarkable to note how Kuwert &
Schitzle succeed in giving a smooth, clear and self-contained of some
certainly not easy pieces of work, as for instance the study of asymptotic
properties of the classical conformal parametrization of Huber made by
Miiller & Sverdk a few years ago. Further topics treated in the notes are
concerned with the removability of point singularities and applications
to global existence of the Willmore flow of embedded surfaces, that the
authors present in connection with the results of Robert Bryant; further
connections emerge here with recent work of Riviere, partially related
to the content of the subsequent chapter of this book. Finally, the au-
thors give proofs of basic theorems in the variational analysis of Willmore
functional such as those concerning compactness via the Moebius group
quotients, and minimization asymptotic problems in classes of surfaces
with prescribed genus.

In his “The role of conservation laws in the analysis of conformally
invariant problems”, Tristan Riviere gives a very comprehensive and up-
dated presentation of regularity techniques aimed at treating conformally
invariant variational problems. This is a longstanding and traditional
topic in the modern Calculus of Variations. Riviere reviews a number of
basic relevant techniques — as for instance compensated compactness and
integrability by compensation — and then proceeds to explain the use of
conservation laws in the regularity analysis of certain systems with crit-
ical growth. Finally, he explains his proof of the famous Hildebrandt’s
conjecture. This states the Holder continuity of energy critical points of
conformally invariant quadratic growth functionals. Riviere’s proof is
based on the new observation that the regularity of this problem can be
treated by analyzing certain systems with antisymmetric potential; in turn
Riviere’s analysis identifies the central role of antisymmetry of potentials
in allowing for deriving conservation laws when treating the regularity
of systems with critical growth right hand side. This new and ground-
breaking approach is robust enough to allow for many other applications
to conformally invariant problems and in Geometric Analysis. In the last
part of his notes, yet a new and surprising approach is described: the dis-
covery of the robustness of the traditional ODE method of the variation
of constants in the setting of Schrodinger systems with anti-symmetric
potentials. Indeed, a new formulation of this approach is proposed and
shown to be an effective tool when dealing with the regularity of more
general critical growth right hand side systems.



Xi

De Maria & Fusco present a contribution titled “Regularity proper-
ties of equilibrium configurations of epitaxially strained elastic films”
which is devoted to the mathematical study of the morphological insta-
bilities of interfaces generated by the competition between elastic energy
and surface tension, the so-called stress driven rearrangement instabili-
ties (SDRI) of surfaces and interfaces in solids. Such a topic has been the
focus of a rapidly growing interest of the applied and computational com-
munities, also in view of its several important technological applications.
Besides this, their paper can be also seen as a fine contribution to the
regularity theory of the so-called free-discontinuity problems. Morpho-
logical instabilities occur, for instance, in the hetero-epitaxial growth of
thin films for systems with a lattice mismatch between film and substrate.
When the film is grown on a flat substrate, its profile remains flat until a
critical value of the thickness is reached, after which the free surface de-
velops corrugations, material clusters, and, possibly, cusp singularities.
This is commonly referred to as the Asaro-Grinfeld-Tiller (AGT) insta-
bility, after the name of the scientists who started such theoretical inves-
tigations. Several numerical and theoretical studies have been carried out
to study quantitative and qualitative properties of equilibrium configura-
tions of strained epitaxial films. Although very insightful, most of these
works lack rigorous mathematical content. Eventually, the foundations
of a rigorous mathematical treatment have been given in works by Grin-
feld (Soviet Physics Doklady, 1986), Bonnetier & Chambolle (SIAM 1J.
Appl. Math., 2002), and more recently in work by Fonseca, Fusco, Leoni
and Morini (ARMA 2007), who developed a complete regularity theory
for a variant of the Bonnetier-Chambolle functional, modeling the case
of an infinitely thick elastic substrate. Following the path set by Fonseca,
Fusco, Leoni and Morini, De Maria & Fusco extend all these results to the
functional originally considered by Bonnetier & Chambolle, which deals
with the case of a rigid substrate. The main technical achievement is the
rigorous validation of zero contact angle condition. The proof of this fact
turns out to be considerably more difficult than in the case considered
by Fonseca, Fusco, Leoni and Morini, since the presence of a Dirich-
let condition at the interface between film and substrate poses non-trivial
additional difficulties. The regularity results established by De Maria &
Fusco presented here have been in fact used in several subsequent papers.

Parma, October 2011

Giuseppe Mingione
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1 Introduction to Geometry
1.1 Introduction

For an immersed closed surface f : ¥ — R” the Willmore functional
is defined by

1 -
W = 5 / P dp.
)

Here g = f*geuw denotes the pull-back metric of the Euclidean metric
under £, that is in local coordinates

8ij = (0 f, 9, f).
Moreover, g = det(g;;), (g"/) = (g;;)~" and for the induced area mea-
sure
wp=ig =g L
The second fundamental form of f is the normal projection of the sec-
ond derivatives of f
Aij = (3 )T
We define the mean curvature vector and the tracefree second fundamen-
tal form by

N

. 1-
H= gl]Aij and A?j = Aij — EHgl]



The GauB3 curvature can be written by the Gaull equations, see [dC, Sec-
tion 6, Proposition 3.1], as

K = (A(e1, e1), Alez, €2)) — (Aler, e2), Aler, €2)), (1.1.1)
and combining with the inequality of geometric and arithmetic mean
K| <|A%/2. (1.1.2)
In any orthonormal basis ej, e, of the tangent space, we see

ﬁ = A(ey, e1) + A(er, e2),
A2 = |A(er, eD)|* + [Aer, )2 + 1A, ) + |Aler, )]

We calculate

IH> = |A(er, 1)> + 2(A(e1, e1), A(ea, €2)) + | Ales, €2))?

(1.1.3)
= A + 2((A(e1, €1), A(ea, €2)) — (Aler, €2), Aler, €2))),
hence by (1.1.1) .
H> = |A]* + 2K. (1.1.4)
Likewise
%|A0|2 — ’A(elvel) ; A(e2962) 2+ |A(€],€2)|2
_ 1 A 2 lA 2 lA 2
—Z| (e1, e)] +4_1| (e2, e2)] +§| (e1, e2)]
1
— (A1 e, Aler. e2)) = (Aler. e2). Aler ) )
= 1A — 2 ((Aer 1), Ales, ) — (Aler, 1), Aler, e2)
_4 2 17 1 ] 27 2 15 2 ’ 15 2

and using (1.1.3)
1 02 l - 2
§|A |~ = Z|H| —(Aley, e1), A(ez, e2)) +(Al(er, €2), Aley, €2)). (1.1.5)
Again by (1.1.1), we obtain
Liap -k = Laop (1.1.6)
4 2 o

and combining with (1.1.4)

|A]? = 2|A°)? + 2K. (1.1.7)



For a closed surface X the integral over the Gaul} curvature is given by
the Gaul3-Bonnet theorem as

/Kdug —271(D), (1.1.8)
D)

where x(X) denotes the Euler characteristic of X. This yields with
(1.1.4) and (1.1.6)

1 1
W(f) = Z/|A|2 dpg+rx(2) = 5/|A°|2 dpg +27x(X). (1.1.9)
) )

We finish this introduction establishing a lower bound in codimension
one.

Proposition 1.1.1 ((Wil65]). For any embedding f : ¥ — R® ofa
closed surface X, we have

W(f) z 4n
and equality implies that f parametrises a round sphere.

Proof. We consider £ C R>. Let v : ¥ — S be the unique smooth
outer normal at ¥. For any unit vector vy, we choose xp € ¥ with

(X0, Vo) := max(x, vo)
XeX

and see
X C{yeR | (y—x,v0) <0}

Therefore {vy}* is a supporting hyperplane of ¥ at xo and
v(xg) =v9 and K(xp) > 0.
As vy € §? was arbitrary, we get
V(K >0) =5 (1.1.10)
We define the scalar second fundamental form
hij = (A, v) = (9 1, v).
Clearly, the GauB} curvature is the determinant

K = detg(h,'j).



As df L v, we get
hij = —(ail), ajf>

Considering g;; = §;; at some point, we get that 9, f, > f, v is an
orthonormal basis of R? and observing dv L v, as |v| =1,

0iv = —hj101 f — hind2 f.
We calculate the Jacobian
(Jgv)? = det({(9;v, 3;v)) = det(h;;)* = K?,
hence
Jov = [K]|.
By (1.1.6), (1.1.10) and the area formula, we get

W(E) = f K du, = f Jov dpg > H*(0(K > 0)) = H*(S?) = 4,

[K>0] [K>0]

in particular [K > 0] # . In case of equality, we see using (1.1.10)

1 - 1
o= | (Z'H'Z‘K) = [ 5147 ds

[K>0] [K>0]

hence A = 0in[K > 0]. By a theorem of Codazzi, f parametrises
in any connected component 2 of [K > 0] a piece of a round sphere
dBg(a), in particular K = 1/ R? is constant in 2. Therefore Q is
closed, hence Q =[K >0] =X and A°=00n X, as ¥ isconnected
and [K > 0] #@. Then f : X — dBg(a) is alocal diffeomorphism,

hence a covering map, and, as dBg(a) is simply connected, [ : X =
dBg(a) is a diffeomorphism. O]

1.2 Conformal invariance

Clearly, the Willmore functional is invariant under isometries. Oberserv-
ing for A > 0

I:)I)Lf = )\._lﬁ and Moy = )\.2/¢Lf,
We see

WQOS) =W,

and the Willmore functional is also invaraint under homotheties.
More general the Willmore functional is invariant under conformal
transformations. We start with the following pointwise invariance.



Proposition 1.2.1 ([Ch74]). Let M be a n-dimensional manifold with
two conformal metrics g = e**g and ¥ C M be a m-dimensional
submanifold. Then the second fundamental forms A and A of ¥ with
respect to the ambient metrics g and g satisfy

Aij — Aij = —gij gradgu (1.2.1)

in local charts on X, where gradguk = gMdu denotes the gradient of

u with respectto g and .~ denotes the component normal to ¥ with
respect to either g or g. In particular

A?]. = A?j (1.2.2)

for the tracefree second fundamental forms and for a surface ¥ that is
m=72
|A%F g = 1A 1. (1.2.3)

First we compute the difference of Christoffel symbols for conformal
metrics.

Proposition 1.2.2. Let M be a n-dimensional manifold with two con-
formal metrics g = e*g. The difference of the Christoffel symbols in
local coordinates is a tensor and is given by

TII; = l:lk] - Ff/‘ = 5zkaj” + 5];31'” - gijgklalu (1.2.4)
and in conformal coordinate g;; = e*s; i

T, =0w, TL=T\=0u, T),=—0u,
(1.2.5)
TH =—bu, TH=T5=0wu, T3,=>au.

Proof. We calculate
2T, = g% @igj + 9,21 — 018i))
=g (digj+ 3,81 — dgi))
+ e gM (gj0i€”" + g 0™ — gij01€™)
= ZFfj + 28" (gj10:u + g1 9;u — gi;du)
=2, + 2(850,u + 8} 0u — g gi;ou),

which is (1.2.4), and (1.2.5) follows easily by direct evaluation. ]



Proof of Proposition 1.2.1. Let Fk and Fk denote the Christoffel sym-
bols of g and g and put Tlﬁ = Ff/ F,’fl Wthh is a tensor. We calculate
the covariant derivatives of a vectorfield X = X*9; on M as
VEXk = VEXk 4 ThX!.

We may consider ¥ = B{"(0) x {0} € BJ(0) = M and g;;(0) = §;;.
Then 9y, ..., d,, are tangential to ¥ and 9,,41, ..., d, form a basis of
TOLE. Choosing X = 9;,i, j =1, ..., m, we get for the normal projec-
tions of the covariant derivatives which are the second fundamental form

Ay — Ay = V9 - VvEhe, = Ty = Z TS (1.2.6)
k=m+1

Using (1.2.4) and observing that i, j = 1,...,mk =m+1,...,n
yields gix(0) = g;x(0) =0, as g,4(0) = §,,, hence

Tk = —g,/gklfilu in 0.
Plugging into (1.2.6), we obtain
n
Aij — A,'j:— Z gijgklaluak = —g,'jgklaﬂ/takL = —g,'jgradglu in O.
k=m+1
This equation is tensorial, and we obtain (1.2.1) on X. As the difference

is a multiple of either metric g or g, the tracefree parts coincide which is
(1.2.2). Finally

1A%)% g = g”‘g”g(A,,, A Vz

4ugzk /l Z”g(A,J»Agz) /det(ez“gij) — |A0|§ @

which yields (1.2.3). O

We consider an immersion f : X — Q of a closed surface into an open

set QCR" Let & : Q = C R" be a conformal diffeomorphism
with pull-back metric § = ®*geye = €* gene. We calculate with (1.1.9)
and (1.2.3)

1
W@ o f) =5 [ 14, o + 2mx(2)
X
1
= §/|A(}|§ dpg + 27 x ()
)

1
- §/|A‘}|2 Ay +2mx(S) = W),

and the Willmore functional is invariant under conformal diffeomorphisms.



Now we want to extend the definition of the Willmore functional from
Euclidean target to general n-dimensional manifold M with metric g,
see [Wei78]. We consider an immersion f : ¥ — M of aclosed surface.
The Gauf} equations (1.1.1) extend in M, see [dC, Section 6, Proposition
3.1], using the Riemann curvature tensors Ry and Ry, of ¥ and M to

(A(er, e1), A(er, e2)) — (Aler, e2), A(ey, e2))

x
= Rx(e1, ez, ¢e1,€) — Ry(er,er,e1,e2) = Ky — Ky,

where Ky is GauB curvature of ¥ and K, is the sectional curvature
of M with respect to the tangent space of X. Recalling (1.1.5), which
holds true in general M, we obtain

1 1
JHP+ K = 1A% + K.

The integral over X with respect to the area measure , of the first term
on the right hand side is a conformal invariant by Proposition 1.2.1, and
the integral over the second term is a topological invariant. This yields
the following definition and proposition.

Proposition 1.2.3. For a immersion f : X — M ofa closed surface X

into a n-dimensional manifolds M with metric g, we define the Willmore
functional

1 -
W(f) =W(f, g) = / (Z|H|2 + KAE) dptg. (1.2.7)
p)

The Willmore functional is invariant under conformal changes of the met-
ric, that is

W(f. &) =W(f)

for any conformal metric § = e*g.

For the special case of a sphere M = S" with canonical metric, we
have K% =1 and getfor f: X — S" that

1 N
W(f) = Z/|H|2 dug + Area(f). (1.2.8)
)



1.3 The Euler Lagrange equation

Critical points of the Willmore functional are called Willmore immer-
sions or Willmore surfaces. Here we derive the Euler Lagrange equation
for the Willmore functional.

We consider a smooth one-parameter family of immersions f; : ¥ —
R"™ with 9; f; ;=0 = V normal along f. We get in local coordinates

8ij = (0 f1, 0 f1)

and
0:8ij = (0; f,9; V) + (9, [, 9; V) = =2(A;;, V), (1.3.1)

as 9f L Vand A=03>f" Thenas giig; = 6.
98" =—g"0,gug"” = 28" g (Au, V) (1.3.2)
and
0,g=0, det(g yg 1) g =tr(g" g 1) g =—28" (A, V)g =—2(H. V)g,
hence

g = /8L = —(H, V) /gL = —(H, V). (1.3.3)

Next we write V; for the covariant derivative, Vl.L for its normal projec-
tion and 9" for the normal projection of the time derivative. We recall
the Weingarten equations

Aij= @y )T =0, f — (01 )8 o f
=0 f =T} f = ViV, f.

We calculate
0 Ay = (B V)" — (3 f, o &Y 00 f
= (0;V = T5 V) = (ViV; V)
= ViV V(v angiar) (34
= Vi ViV — (A, V)g¥'Vito, f
= VViV — (Aj, V)g¥ A



and
BtLITI =3 (g"A;) =g" (VijLV — (Aj, V)gklAﬂ)
+28" g (Au, V) A
= ALV + g% gl (A, V) Al
o 1- 1-
— AJ_V + glkg]/ <A?j + EHgU, V> (Agl + EHgk])
= ATV + g™ gAY, V) AY,
1 .. . 1 ., . ~
+ 58" 8 g A (B V) + S g™ (Al VH
Lgitgil g, (A, V)
+4g 8 gljgkl( ) )

) 1 - -
= ATV + " A, V) Ay + S (H, V)H,

where A+ denotes the Laplacian in the normal bundle. Combining we
get

0, (1P, ) = 2007, e + [P0, g

2
( 2(ALV, H) +2g* g (A% H)(AY, V)

lj’

R (1.3.5)
+ (HL V) [HP? = [HP (V)
= 2((A4V,H) + g% g7 (AL H) (AL, V) ).
Integrating yields
d 1 1 I ik _jl; A0 1 0
Ry (catv i)+ g™ g (A0, B (A0, V)) ditg
| (1.3.6)
5/ AiH+g’kgﬂ<A?J,H>A2,, V) dpg.
z
We abbreviate for a normal field ¢
(A% = g g/ (A}, 9) A, (13.7)

and |
SW(f) = E(ALfI n Q(Ao)ﬁ). (1.3.8)



Now we consider a general smooth one-parameter family of immersions
fi X — R*"with 9, f; = V; € R". We decompose

Vt = Nt +df'§t

in N, normal along f and d f.§, tangential along f and &, € TX. We
solve the ordinary differential equation

¢o=idy and 0,9, = —§(¢)).

Clearly, ¢, : X = % isa one-parameter family of diffeomorphisms.
We put f; = f; o ¢, and see

O fo = B f) o ¢y +df.0d = Vi(d) — df & (d) = Ni(r)

which is normal along f. By parameter invariance of the Willmore func-
tional and (1.3.6), we get

d d ~
7, VU = W) = /(SW(f), N)dug = /(5W(f), d; f) dpeg,

z )

since §WW(f) is normal along f. We have proved the following proposi-
tion.

Proposition 1.3.1. For a smooth one-parameter family of immersions
fi + X — R" the first variation of the Willmore functional is given
by

d
W = [0 d (139)
z

f is called a Willmore immersion, if this vanishes, hence if
1 - -
SW(f) = 5(A¢H + Q(AO)H> =0 onX. (1.3.10)

In case of an immersion f : ¥ — §" into a sphere, we obtain the
following proposition.

Proposition 1.3.2. For an immersion f : ¥ — S" € R into the
sphere, we see for the second fundamental forms A ;rn+1 respectively
A sn as immersions into R"*! respectively S"
Ay = Apg — fg. Hpgon =Hps —2f0 A)p, =A%,
n+1 d d n d d
AE N ’LHf’RnJrl + Q(A(}’R,H_')Hf’RnJrl = Ag ’LHf’S” + Q(A(},Sn)Hf,Sn.
(1.3.11)



Proof. Clearly, the second fundamental form Ajg as map into the
sphere is the orthogonal projection onto the tangent space of the sphere of
the second fundamental form A ;g.+1 as map into the Euclidean space,
that is for the orthogonal projection mg: : R™ — T8" = {f}+, we
have

Af’Sn = TTgn Af’RnJrl = Af’RnJrl - (Af’RnJrl, f)f
On the other hand, from |f|=1,weget df L f and

(Af,R"“,ij’ f)= <3ijf’ f)y=—(0i 1, 8jf> = —8&ij>
hence
Af’RnJrl == Af,S" — fg,
and in particular H FRAH = H fsn —2f and A%Rn = A(}, gn-

Further AQR"H’L f =0 for the normal Laplacian, since V f is tangen-
tial. Observing for ¢ € Ngo f € TS" L f that (0¢, f) = — (¢, df) =
0, we see

vy = vy L

Therefore
n+1 n+1 n n
(VYT ) = (V)L f) = (V] e, Vi f) =0,
hence

R"+1,L RnJrl’L R
vi V] ¢ = V[ V] ¢7

in particular A§'1+l’l¢ = A§"1¢. Together we obtain
n+1 = = n = ed
A]E " ’J_Hf,Rn+1 + Q(A(}ﬁRn+l)Hf,R”+l - Ag ’LHf’SVl + Q(A(})c’bw)Hf’Sﬂ
and (1.3.11) is proved. U
We see from (1.3.11) that
H o | = [Hygl? + 4.
Now for an immersion f : X — §”, we see by definition in (1.2.8) that
1 -
W(f, S") = f (Zle’Snlz + 1) duy

b
1

T4

(13.12)
[ B ey = s R,
)



f is a Willmore immersion in §”, if and only if for any smooth one-
parameter family of immersions f; : ¥ — §”

d
—W =0.
yr (/)
Observing o, f € TS" L f and using (1.3.9) and (1.3.11), we see
d
0= 5w = [GW8.0) di
z
1 n d d
= 5 /(A]E Jrl’J_Hf’RnJrl + Q(A.O/"Rn+l)Hf’Rn+l’ 3,f) d,bLg
D
1 n d d
=3 f (AT H 0+ Q(AY g)H 50, 8, f) ditg,
b

thatis f is a Willmore immersion in the sphere if and only if

A;II’J_Hf’S" + Q(A(}‘,S’l)ﬁf,sn
- A;RHI,J_I_:If»R”Jrl + Q(A(},Rnﬂ)ﬁflgnﬁ—l (1.3.13)
=0 on X.

In particular, f is a Willmore immersion in S”, if and only if it is a
Willmore immersion in R"*+!, B

By (1.3.10) minimal surfaces, that is when H = 0 are Willmore
surfaces. By maximum principle, there are no closed minimal surfaces in
R”. On the other hand by (1.3.13), minimal surfaces in $" are Willmore
surfaces. Let us consider the Clifford torus

1
Tciitr '= —=
i «/i

is a minimal surface in S°, hence is a Willmore surface. We see from
(1.2.8) that

(S'x sHcs?

1
W(Tcugr) = Area(Tcygr) = EHI(SI)Z =27’ (1.3.14)

By conformal invariance of the Willmore functional, the stereographical
image of Tcyg is a Willmore surface in R3. Clearly, the stereographical
projection @ : S* — R* U {o0} is given by

(x1, x2, X3)

D(x1, x2, X3, X4) 1= 1—x
— X4



Now for x = (cosa, sin«, cos 3, sin ﬁ)/ﬁ € Teuifr, We get

(cos a, sina, cos fB)

CD =
0 V2 —sinB

We calculate

1 2 cos’ B
V2 —sinB (/2 — sin B)?
W22 —sinB) — 1] + cos’ B
B (V2 — sin B)?

n — V/2sin B|? + cos? B

. (V2-sinp)?

1 —=22sinB 4 2sin’ B+ cos? B
B 2 —24/2sinp + sin’ B B

|D(x) — \/i(cosa, sina, 0)]* = V2 -

1.

Abbreviating e, = (cos«, sinw, 0), we see
d(x) € aBl(\/Eea) N span{ey, e3} = {(«/5 + cos y)ey + siny es}
and
D (Taier) < {(\/5 + cos y)(cosa, sina, 0) + siny e3} =: Tround-

Tround i a rotational round torus with radi +/2 and 1. Since Tyouna 1S @
closed surface and

D Toige — {(\/5 + cos y)(cosa, sina, 0) + sin ye3} =: Tiound

is a local diffeomorphism, @ (7T¢jgr) € Tiouna 1S Oopen. On the other hand,
@D (Teyge) is compact, as Teyge is compact, hence O (Teir) = Trounds
and Tiouna 1s the stereographical image of the Clifford torus, hence a
Willmore surface.

Willmore conjectured that the Clifford torus or more precisely 7Tiound
is the unique minimizer among all tori in R*, see [Wil65], in particular
recalling (1.3.14)

W(T?) > 272 (1.3.15)

for any torus T2 C R3.

The existence of a minimizing torus in R" was proved in [Sim93],
and when combined with [BaKu03], this gives also the existence of a
minimizer for closed, orientable surfaces of any genus.
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2 Monotonicity formula
2.1 Monotonicity formula

In this section, we review the arguments in [Sim93], see also [KuSch04],
proving a monotonicity formula for properly immersed, open surfaces
f: X — U CR" open, with square integrable mean curvature

W = [P duy <
b))

As f isaproper immersioninto U, we see that u = f(us) is a Radon
measure in U.
The divergence theorem for manifolds gives

/divzn du = —/nﬁ du Vne ChU,RM. 2.1.1)
X D)

Approximating this holds true for Lipschitz test functions n. We consider
By(xo) € U,0 < 0 < ¢ and put |x|, := max(|x|,o)and n(x) :=
(|x — x0|;2 —072)4 - (x — xp). Observing divyx =2 and decomposing
(x —x0) = (x —x0)® 4+ (x —x0)* in tangential and normal components
with respect to X, we calculate

. 2 -2 (X - xo)tan
diven(x) 22(|X—Xo|g -0 Dy — Zm(x - xo)XBQ(xo)—Bg(xo)
12
- 7 |(x — x0)~|
=20 X8, (x0) = 20 " XByxo) T 2WXBQ<xo>fBa<xo>
and obtain from (2.1.1) that

¥ — xa) L2

262 (B, (x0)) + 2 / [or=x) 17y,
|x — xol*

2N B,y (x0)—Bs (x0)

— 202 1(B, (x0)) — / (% =0l = 04 - (x — xo)H .
EQBQ(X())

By using the identity

_ 12 1 _ R N
|(x — x0)~| x XOH:‘ZH+

(x —=x0)" 2 ilﬁlz

|x — xo|* 2 |x — xo/? |x — xg|? 16



we then calculate

oL
o 2By (x0)) + ‘1* = Xo)

4 |x — xo|?
B, (x0)—Bg (x0)

1 N
= 0 2By o)) + / 2 d

By (x0)—Bg (x0)

1 S
+ 3 / 0 (x — x0) H(x) dpe(x)
By (x0)
1 -
3 / ofz(x — x0) H(x) du(x).
Ba(x())
Putting
1 B -
Ry = 5 / 0 % (x — x0) H(x) du(x)
By (x0)
and

1 .
7@ = 0 R By + / P du+ Ry .

BQ (xo0)

we see that y is monotonically nondecreasing. We estimate

1, 12
Rul = 5(0720(BoGo)) I H 20

and get forany 6 > 0

16

By (x0)

-2 -2 1 'y (2
o2 1(By (x0)) < 0 (By(x0)) + — / P du

2

2
< (14 8)0 2 1u(B,(x0))

2

1, 12
+ (072 Ba o)) I H 20s, 000

1, 2o
5 (0B x0)) I H 205, 00

2.1.2)

(2.1.3)

(2.1.4)

1 -
+ (_ + C(S_l) / |H|2 d,l,L =+ 80'_2M<B0(x0))’

16

By (x0)



in particular for 0 < o < g9

021 (By(x0)) < (1 4+ 8)0 2 i(Bgy (x0))

) (2.1.5)
+CA+ 5 HW(S) < oo.
Then we get from (2.1.4) that
limR,,, =0, (2.1.6)
o}0
hence the density
0% (e, xo) exists (2.1.7)

and

16
By (x0)

1 ~
020%(1t, %0) < 0 2 (By(x0)) + —= / AP i+ Ryp (218)

For x; — x0,0 < 0 < 00/2, we get

01 (B,(x0)) = limsup 0> i(By(x;))
j—o0
: 2 1 )2
> limsup [ @207 (w, x;) — — IH|” diw — Ry 0
j—o0 16
By(x))
> lim sup @0 (, Xj)
j—o00
5 12 .
— € (05 1 (Bay (o) + W) I 20350 -
Letting o | O this yields

6% (11, x0) = limsup 6% (i, x,), (2.1.9)

j—o0o

and 6%(i) is upper semicontinuous.
Now we consider U = R”. If lim SUP, 00 Q_sz(BQ(O)) = oo then
by (2.1.5)

lim 0 %11(B,(0)) = o0 (2.1.10)
0—> 00

and by (2.1.4)
lim y (o) = oo. (2.1.11)
0—>00
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If lim SUP,_ 00 Q‘z,u(BQ(O)) < 00, we estimate for 0 < o < p < 00

1 .
Rul = 5- / ) du

By (0)
1 o 1/, ., 12 .
=% / IH| du+5(e w(By) I H 2, 0y,
B (0)
hence

. L/, 5 2 L

limsup |Ro.q| < 5 (limsupou(Bo0)) Il H lly2e s, 0

0—>00 000

and letting 0 — oo
lim R, , =0. (2.1.12)

0—> 00

As y is monotonically nondecreasing, we see in any case by (2.1.10),
(2.1.11) and (2.1.12) that

1
lim y (o) = lim Q_sz(BQ(O)) + -W(f) € [0,00] exists, (2.1.13)
0— 00 0—>00 4
in particular the density at infinity

e o0) . tim 1B
0-(u, 00) 1= Qli)ngo 0 €

[0, o]

exists. Letting 0 — oo in (2.1.8) and recalling (2.1.12) and w, = 7,
we get

1
0% (w,.) < 6*(u, 00) + EW(f). (2.1.14)

If 62(ju, 00) = 0, which is certainly true when spt & is compact, we get
from (2.1.5)

07 (B (x0)) < CW(f). (2.1.15)
Moreover observing for xo € spt i that
0 (1. x0) = #(f ' (x0)) = 1, (2.1.16)

we arrive in the following proposition at the Li-Yau-inequality, see
[LY82].
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Proposition 2.1.1. For any immersion f : ¥ — R" ofa closed surface
and the image |+ = f(jLy) of the induced area measure, we have

1
#F)) =0% (. ) < VW, (2.1.17)
JT
in particular
W(f) > 4, (2.1.18)
and if
W(f) < 8x (2.1.19)

then f is an embedding.
Moreover equality in (2.1.18) implies that f parametrizes a round
sphere.

Proof. The three inequalities follow directly from 6%(u, c0) = 0 and
(2.1.14).

In case of equality in (2.1.18), we may assume by (2.1.19) that f is an
embedding, and we consider a closed surface ¥ C R" with W(X) = 4.
We choose xp € ¥ # (J and see from monotonicity of y in (2.1.3) using
(2.1.6) and (2.1.12) that

T =#(f""(xo))w = glg(l) (@ =y() = lim y(0)

1
= ZW(Z) = Vr,

hence y = & is constant. Then by (2.1.2)

(x — xo)*

H(x) +4 =0 Vx#xe€X,

|x — xo?
where + denotes the orthogonal projection onto N,X. Now by max-
imum principle, we know that ¥ is not minimal. Hence by translat-
ing, we may assume that x = 0 € X with H(x) # 0. After rotat-
ing and rescaling,ﬁwe may further assume 7pX = span{e;, ex}, NoX =
span{es, ..., e,}, H(O) = 2es;. Then replacing x( by x, we firstly get
from above for j =4, ..., n, that

— —XJ' xJ_ 2
0= (H(0),¢)) = _4<W’ €j> = 4<W ej> = 4x;/|x|
forallx #0 € %,

hence ¥ C R?. Next for j =3
1

2 = (H(0), e3) = —4<_—,e3
|x|?

>=4X3/|x|2 forallx #0 € X,
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hence 2x3 = |x|? or likewise
l=xi4+x3+x3 -2+ 1=x+x3+ (1 —x3)? =[x —e3]?

and ¥ C 9, B(e3). Together we see that ¥ C 9B;(e3) NR? = §2, hence
Y = 0Bj(e3), as X is compact and 90X = {, and the proposition is
proved. O

Proposition 2.1.2. For any proper immersion [ : ¥ — B,(xo) ofan
open, connected surface % and the image w = f(uys) of the induced
area measure, we have for xo € f(X), f(X) € By(xo), that

(B, (x0)) = co0®/W(F) (2.1.20)

for some ¢y > 0.

Proof. We select an integer N and see, as xo € f(X), f(X) € B,(xo)
and f(X) is connected, that there exist

X Ef(z)ﬂaB(j_H/z)Q/N(X())?é@ forj:l,...,N—l.
By (2.1.5) and (2.1.16)
1< 0%(1 x;) < C(o/2N)) 21 (Bgjam (x)) + C || Hy, |72,

and adding up observing that B, on)(x;), j =0, ..., N—1 are pairwise
disjoint,

0/(2N) (X))

N < CN?07iu(By(x0)) + CW(f).

If W(f)/(Q*ZM(BQ(xO))) < 1, we have (2.1.20) with ¢y = 1. Otherwise
we can select an integer N < \/W(f)/(g—z,u(Bg(xo))) <N+1<2N.
This yields

1< CYW(Ho 2By (x0))
which implies (2.1.20). U

Proposition 2.1.3. For any immersion f : X — R" ofa closed surface
and the image = f(iuy) of the induced area measure, we have

wr ()W) < diam f(£) < Cup(B)W(f). (@121

Proof. Plugging n(y) := y —x withx € f(X) into (2.1.1), we see
divyn =2o0n X and

201y(5) = — / (y — HH() due(y) < diam f(%) f H,| dp
5 )

< diam f(Z)@W(N) ()12,
which is the inequality on the left in (2.1.21).
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Choosing xg, yo € f(X) with |xg — yo| = diam f(X) =: d, we see
X0 € f(X) € By(xp) and by (2.1.20)
cod®/W(f) = m(Ba(x0)) < iy (),
which is the inequality on the right in (2.1.21). O
Proposition 2.1.4. For any proper immersion f : % — R" of an open

surface ¥ and the image = f(juy) of the induced area measure, we
have

1
#(components of spt 1) < 0% (1, 00) + 4—W(f). (2.1.22)
o4
In particular, if 6*(u, 00) < oo, then spt . has only finitely many
components.

Proof. If spt u consists of at least N components, we can find in
successive stages open pairwise disjoint subsets Uy, ..., Uy € R" with

sptu C U U...UUy,
UNsptu#@ foralli=1,..., N,

hence by (2.1.14) and (2.1.16)
N
2 , 1 A I 1
V=3 (0Ll 00 L WL W) = 028 000 WD,

and (2.1.22) follows. ]

Actually, the assumption 62(u, 00) = 0 is equivalent to the com-
pactness of the support of . More precisely, we have the following
proposition.

Proposition 2.1.5. For any proper immersion f : % — R" of an open
surface ¥ and the image = f(juy) of the induced area measure, we
have
0% (1, 00) > 1 <= spt u is not compact. (2.1.23)

Proof. The inclusion from left to the right is obvious.

Now we assume that spt p is not compact. Then spt ;o is unbounded,
and there exist x; € spt u with 29; := |x;| — o0o. From (2.1.5) and
(2.1.16), we get for any 6 > 0

7 < (1+8)0721(By, (x)) + C; / P du
By (x))

<9(1 +8)(30)) 1 (Bsg, () + Cs / P dye.
R"— B, (0)
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Letting first j — oo and then § | 0, we get

92(% 00) = lim M >

1/9,
j— (307 /

which is (2.1.23) with 1 replaced by 1/9.
To prove the full strength of (2.1.23), we may assume that 62(u, 00) <
oo. Then the limit

Co; b — v exists weakly as Radon measures

for some sequence g; — 00. We see for any ¢ > 0 that

inf #(Boyo0)

YB O  tim > 1/9

w,0? Jj—00 wz(QjQ)z

and O € spt v. Further, v is an stationary integral varifold by Allard’s
integral compactness theorem, see [All72, Theorem 6.4] or [Sim, Re-
mark 42.8]. In particular H, = 0 and starting with v in (2.1.1),
we get by upper semicontinuity of 6%(v,.) and integrality of v that
6%(v,.) > 1 onsptv and by (2.1.8)

B (0 B,.(0
1<620,0) < YBO) i HEaOD o o)
w3 Vindss @207
which establishes (2.1.23). ]

Finally, we consider f; with W(f;) < ocoand uy, — u = s weakly
as Radon measures. For y;, defined in (2.1.3) by py,;, we see

y(0) < liminfy, (¢0) foralmostall o >0,
Jj—o00

hence by (2.1.13), (2.1.14) and monotonicity of yy

1
0% (1, ) < 0*(1, 00) + 4—W(f)
T (2.1.24)

1
. 2., )
< hjnlg)lf (9 (W y;, 00) + yp W(f,))-
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3 The Willmore flow

3.1 Introduction

The gradient flow for the Wilmore functional is called the Willmore flow.
According to the formula (1.3.9) for the first variation, this is the evo-
lution of a smooth family of immersions f; : ¥ — R” satisfying the
parabolic equation 3 £, + W(f;) =0 or by (1.3.10)

oL f = —%(A;fpr Q(AO)ﬁ), G.1.1)

where 9" denotes the normal projection of the time derivative as in
Section 1.3. This is a quasi-linear fourth order parabolic equation. Due
to parameter invariance, it is only degenerate parabolic, and existence of
solutions for a short time is not immediate.

As in Section 1 we decompose

8tft =N; + df-%‘z

in N;= —8W(f;) normal along f and d f.§, tangential along f and &, €
T X. We solve the ordinary differential equation

¢o=idy and 0,9, = —§(¢)).

Clearly, ¢, : X = % isa one-parameter family of diffeomorphisms.
We put f, = f; o ¢, and see

azfz = (0 f) o +dfi. 00 = 0, fi(¢1) — df;.6:(dr) = Ni(¢hr)
= —3W(f) o = —SW(f)

which is a normal Willmore flow.
On the other hand comming back to (3.1.1), we see for small times that

Ife = folleme < &

for o, > 0. For m > 1 and ¢ > 0 small enough, there exist diffeo-

morphisms ¢, : X =5 % and vector fields N; : ¥ — R" which are
normal along f; such that

ft0¢1‘:f0+Nt::f;-

Moreover, 5
[Nilleme = I fi = folleme < Ce (3.1.2)

for some constant C < oo independent of ¢, if ¢ is small enough.
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Clearly by parameter invariance (3.1.1) transforms into
O fi =01 f o = —SW(f) oy = —SW(J)). (3.1.3)

We write PfL, Pfl0 for the orthognonal projections of R” onto N f;, N f.

Choosing locally a smooth basis vy, ..., v, of Nfy = PJ%R", and writ-
ing N; = ¢, v, we obtain from (3.1.3) that

23¢r.0) Prv, = —A"H— Q(AOH
= —g"/PEViPV;Ayfi + B(, Ni, DN;, D’N))
= —g"g" PV Py (3d fi — T}jon /i)
+ B(-, N;, DN,, D*N,) (3.1.4)
= —8"g"" P2 0,juN:+B(.. Ny, DN;, D*N;, D*Ny)
= _(gijgklaijklgar,t)Psz’_Vr
+ B(-, N;, DN, D°N;, D*N,),

where B is a smooth function depending on fy and changing from line
to line. For || f; — follct < 8 small enough, g/ g is uniformly elliptic,
and there exists a constant ¢y > 0 such that

|Pf-fN| > |N|—|PsN — P;N| = co|N| for N normal along fp,
‘ (3.1.5)
hence Pflvl, o Pflv,,_z forms a basis of N ;. Therefore,

1 ..
0 + 58" g3 iuers = B, ¢, Do, D*g,, D)), (3.1.6)

and by (3.1.2)
l@rilleme < Ce forr=1,...,n—2. (3.1.7)

Since the coefficients g"/g* are uniformly elliptic for @, |cme <
5 small enough, (3.1.6) admits a unique local solution in the Holder
space C™*(X,R") form > 4. This follows from Schauder estimates
for linear uniformly parabolic equations in Holder spaces, see [Ei], and
by means of fixed-point theorems. This argument shows that (3.1.1) has
for given smooth initial data a solution locally in time which is unique up
to reparametrization.
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3.2 Estimation of the maximal existence time

In this section, we want to estimate the maximal existence time for a
Willmore flow.

Theorem 3.2.1 ([KuSch02, Theorem 1.2]). Let f, : ¥ — R" be a
normal Willmore flow 0, f, + §W(f;) = 0 on the maximal existence
interval [0, T{withQ < T < oo. For appropriate gy = gy(n) > 0, we
consider o > 0 satisfying

/ |Aol*dius, <& <ey forallx e R". (3.2.1)
By (x)
Then
T > coo* (3.2.2)
and
/ |A/)*dpy, < Ce for0 <t <cpo*, x e R" (3.2.3)
By (x)

for 0 < ¢y, C < 00 depending only on n.

Sketch of the Proof. To abbreviate notation for normal tensors ¢, ¥, we
denote by ¢ * 1 any normal tensor obtained by contraction in a bilinear
way, and we write

P"(A) = Z VI A« VP2 A% x VI A,

i1+tiy=m
Clearly,
P"(A) % P/(A) = P"t'(A) and V*P"(A) = P"'(A).
We recall for a normal evolution o, f =V € Nf by (1.3.4) that
O A =ViViV —(Au, VIg" A = ViV V + Ax Ax V.

In case of a normal Willmore flow, we have
[N 0\ 2 0
V= —§<A H+ QA )H) = P2(A) + PY(A) (3.2.4)

and get
20 Aij = —=V;'ViATH - V'V P{(A)

FAxAx <P12(A) + P30(A)) (3.2.5)
= —VAVIATH + PE(A) + PY(A).
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To deal with the leading term on the right-hand side in (3.2.5), we re-
call by [dC, Section 6, Proposition 3.1 and 3.4] the Mainardi-Codazzi
equation

VitAj = Vi Ay,

the Gaul} equation
Riju = (Aik, Aji) — (A, Aji) = A% A,
and the Ricci equation for a normal vector ¢
R;¢ :=ViVi¢—ViVig
= grsArj<Asis ¢> - grSAri<Asj, d))
=g A (AY d) — gAY AV, @)
=AxAx¢.

The GauB equation yield for a n-covariant, m-contravariant tensor Xg
RijX§ :=ViV;X§—V;ViX§ = g Rijyu Xy + 8" Rijpu X' = Ax AxX.
For a normal, m-covariant tensor ¢,, we put
Rii¢a = ViVigy = ViVidy
and calculate for a m-contravariant tensor X¢
R (¢aX") = (Rj;00) X" + b Rij X
Using the Gaul and the Ricci equation, we get
Asx Ax (9o XY) = Ri5(9aX?) = (Rj;0a) X" + o A% Ak X,

hence
Ry = Ax Ax . (3.2.6)

We calculate for a normal, m-covariant tensor ¢;, with o« a m — 1-index
that

§VIVEG — A e = §VIVEDL — 8V e
= gklvilv/ﬁ_(ﬁla - gklvlﬁ_vij_(pla
+ 8"V Vb — 8V Vi i

= g (Riz)ia + " ViV e — 8 VEV i
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Putting
VYite := Vi bia — Vi P1a
and using (3.2.6), we obtain

§ VLG — Ay = Ax Ax ¢ — gV, (3.2.7)

see [KuSch02, Lemma 2.1 (2.9)].
For ¢ = A, we get ¥ = 0 by the Mainardi-Codazzi equation, hence

ATA; =g"VEVEA; + Ax Ax A
= gk’v}v]%Akl +AxAxA (3.2.8)
= VAVIH+ Ax Ax A,

which is Simmons’ identity.
Applying (3.2.7) to V¢, we calculate

Vi = VIV e = Vb = (R = A5 A%,
hence
VJ_AJ_(P_AJ_VL(p:A*A*Vl(p-l-A*VJ‘A*(ﬁ. 3.2.9)

Applying this to the leading term on the right-hand side in (3.2.5), we
continue

VI2ALH = VL<ALVLFI FAxA*VIH+ A% VA% ﬁ)
= A'VIH + Ax Ax VE2H 4+ A% VA« VIH
+VL(A*A*viﬁ+A*ViA*ITI)
= ATVIIH 4 Ax A% VE2A+ AxVEAxVEA
= AYVIPH + P2(A).
Now using Simmons’ identity (3.2.8), we get

ALVﬁlﬁ =At (ALA,-]' + AxAx A) = Al’zAij + P32(A)
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and
1.2 ) ,
Vi PATH = AN A + P(A).

Plugging into (3.2.5) yields
1
d-Aij + 5AMA,-,- = P{(A) + P2(A). (3.2.10)

Similarly differentiating, we get by induction the evolution equation for
the higher derivatives

1
AEVETA + EAMVL“AU = Py (A) + PI'(A).  (3.2.11)

Now we differentiate [ |AI>du  and get using (3.2.4), (3.2.10) and
(1.3.2), (1.3.3)

S f | Al duy = / 88’3 Aij, Au) dpg

+ | 98"/ (Aij, Au) diy

[\.)|»— M\“

/ keI (Aij, Aw) dd s
>

g g (A2 A, Ag) diy

Il

|
| =
M—

g% g/ (PH(A) + PO(A), Ay) dpy

Mo—

g7 g% g (A, V){(Aij, Au) dps

+
NI'— o

l\)l'—

/ g% g (Aij, Au)(H, V)
=t

54AR duy+ (PR + P dy.
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Next using (3.2.9)

/|VL-2A|2 dpus=— [(ALVEA, VEA) dus
)

(VEATA, VEA) duy

+ [(Ax A VIA VA duy

M\ M — MY~

=/|ALA|2 dpL,c-F/Pf(A) duy,
p) p)

and we get
d 2 12412 2 0
7 Al dpy + | IVTTA Ay = | (P{(A) + Po(A)) duyg.
3 b %
Clearly,

‘/Pf(A) duf‘:‘/(A*A>x<A*Vl’zA—i—A*A*VLA*VLA)d,uf
) )
|
<3 /W“AF des +c/<|A|" AP [VEAPR) duy,
D) X

and we get

d 1
— | 1A% d — | [Vt?A)PPd
dt/| | uf+2/| 2 du;
= = (3.2.12)
< c/(|A|6 FAP [VEAP) du s
M)

Next we use the Michael-Simon-Sobolev inequality for embedded or im-
mersed manifolds in Euclidean space, see [MiSi73], which reads for the
immersion f: ¥ — R” andany u € C'(X) with compact support

N 2
[ ans e [rvuan + [Biwa). 2
) >

)
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where C, depends only n and not on X. Applying thisto u =
|A| [V1A] and u = | A|?, we get using Kato’s inequality |V|¢|| < |[V|
that

[1a8 v+ AP du
b))

- 2
<G [ 19041 IV AD duy + [ 1811411941 )
z z

2
< C(/(lAl IVE2Al+ [VEAP2 + A VA duf)
b

2
§C/|A|2 duf/|vl»2A|2duf+c(/|le|2de>
) X p)

+c(/ 1Al de)2
D)

and
N 2
[ a6 auy < e [ 1vaaryan, + [ i1 )
) D) b))
2
<c( [aar Iviar+ 1 auy)
p))
1 2 2 4 2
§C</|V Al duf) +C(/|A| duf) .
)] D)
Now )
([1arau) < [1aP auy [ 148 au,;
)] ) )
and
/|VLA|2de=—/AAlAde
) D)
12
< (fraran [iatara)”
)] )]
hence

/<|A|6+|A|2 VEAP) du < Cf AP duf/<|v“A|2+|A|"’> .
> ) >

(3.2.14)
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Plugging this into (3.2.12), we cannot absorb the term [, [V A[* dpu,
as the factor in front satisfies by (1.1.9) and (2.1.18)

[ 147 auy = 4w+ 81p®) — 1) 2 82
D)

and can therefore not be arbitrarily small. Therefore we have to localize
(3.2.12) and (3.2.14). We choose 7 € C*(R") with || y lc2ny < C, put
y =7y o f and get

d 1
E/MW* duf+§/|vi’2A|2y4 di;
> >

sc/(|A|6+|A|2|VLA|2>y4duf+c / AP du,
>

[y>0]

and

/(|A|6 FAP VEAP)Y* duy
X

2
sc/|A|2duff(|vl’2A|2+|A|6>y4duf+C(/ AP dyiy )
)

[y>0] [y>0]

Assuming

[ 148 auy <5
[y>0]

for &, small enough, depending on C, we obtain

d 1
E/W duf+1f|v“A|2y4 du;
> >

< c( / |A]2 duf)z.

[y>0]

(3.2.15)

To prove the theorem, we may assume after parabolic rescaling that o =
1. We choose xp,,t) <V < xB,(x) With || ¥ [lc2n < C,,. By a simple
covering argument, we get

swp [ 1aPdns <Tuswp [ AR aus
xeR» xeR”?
By (x) Bia(x)
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for some 1 <TI', < oo. Putting

e(t) :== sup / |A | dp g,
xeRn?
By (x)
we define
to:=sup{0 <t <T|e(r) <3leforall0 <t <t} (3.2.16)

and see 0 < 7y < T by continuity of ¢(.) and by (3.2.1). For 3I',&y <
£0(Cp), we get by (3.2.15) that

/ |A)*dp g, < / |Aol* dpa s, +C,(T,8)*t forallxeR",0<t < t,
By (x) B (x)
hence
e(t) < Th(e + Cu(The)*ty) forall0 <t < 1.
Assuming [',ep < 1, we get for 7y < co(n) that

e(t) <2l',e forall0 <t < t.

If we had #y < min(7, ¢y), we conclude by continuity that e(ty) = 3",
contradicting the above estimate. Therefore 7, > min(7, c¢y), and we get

/ |A|2 duy <2I'e forallx e R",0 <t < min(7, ¢p)
Bi(x)

which is (3.2.3).

Incase T < c¢gp, we have T = min(T,cy) < ty < T, hence
to =T < co. Then e(t) < 2I'yeforall0 < ¢ < T. By applying
the evolution equations for the higher derivatives (3.2.11), we can esti-
mate all derviatives of A and f forO <t < T,and f can be extended
smoothly to X x [0, T]. Moreover by (1.3.2)

19:8ij1 = 2|Al V] = C,

hence
T
/ Il 10:&ijl lL=(x) dt < o0,
0

and by [Ha82] Lemma 14.2 the metrics g(¢) are uniformly equivalent.
Therefore f(T) is a smooth immersion and by local existence f can
be extended to a Willmore flow for 0 <t < T + § for some § > 0. This
contradicts the maximality of 7, hence T > ¢y which is (3.2.2) and the
theorem is proved. O
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Actually singularities may occur for the Willmore flow that is there is no
global in time existence or in case of global existence there is no conver-
gence for t+ — oo. The following data when rotated at the x-axis

were proposed in [MaSi02] to develop a singularity and there numerical
evidence was given. This was rigorously proved in [BI09]. Still it is open
whether the singularity develops in finite time or at infinity.

3.3 Blow up

To study the singulartities in greater detail, we set up a blow up pro-
cedure. With the Michael-Simon-Sobolev inequality and the absorption
technique in the above theorem, one can prove interior estimate stated in
the next theorem.

Theorem 3.3.1 ([KuSch01] Theorem 3.5). Let f : ¥ x [0, T[—> R”
be a normal Willmore flow 0o, f; + SW(f;) = 0 of a closed surface %
with 0 < T < 0o satisfying

0<t<T

sup / |A 1> diy, <& <e(n) (3.3.1)
B, (0)

for some o > 0 and appropriate ¢1(n) > 0.
Then we have for 0 <t < co(n)o*, T and for any k € N

L.k —(k+1)/4
| VEEAL (o, p0)) < Cr(n)/e 17 FD/A,

B (3.3.2)
| V&4, ||L2(31/2(0)) < Cr(n) /e t7%,

We define the critical radius

r:=sup{fo>0|Vx e R": / |Ag 12 diy, <eo} (3.3.3)
By(x)
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for 0 <t < T and see
/ |Af1*duy <& Vx eR™ (3.3.4)
By, (x)
Moreover there exists x; € R” not necessarily unique with
/ |A 12 duy, > eo. (3.3.5)
By, (x))
If T isthe maximal existence time, we get by Theorem 3.2.1
corf <(T —1t) for0<t<T, (3.3.6)

in particular
rp—>0 fort /T, if T < o0, (3.3.7)

and

f |A; 1Pduy, <Ce forO<s<cor!,0<t<T,xeR"

By, (x)

We choose 0 < o, <1y, put f! := Q,‘l(f,ﬂ.gf —y) for0<s <cg,y €
R", and see

/|Af;|2duf;s f |Agel? dpge < Ceo
Bi(x) By, jor (X) (3.3.8)

for0 <s <cp,0<t<T,x eR",
hence for Cey < ¢; by Theorem 3.3.1 that
IVEA pill ooy < Cr(n)s ™ D/ for 0 <s <o, 0<t <T,keNy. (3.3.9)
Moreover by (2.1.15) and W(f,) < W(fo)
0 1y (By(x)) < CW(fy) VxeR" (3.3.10)

Then as in [KuSchO1, Section 4] for appropriate subsequences ¢; —
T, the flows ( fstj )sel0,co] converge after appropriate reparametrization
smoothly on compact subsets of R" to a Willmore flow (f°)se10,¢0] :
X — R" of an open two-manifold X without boundary, which is
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possibly not connected. We calculate as in [KuSchO1, Section 4] using
(1.3.6)

&1} &)

[ [ 102 due a5 < timin [ [ 1,12 ey
' T

0 X 0

a2 V1) W) 0

as W(/f;) is non-increasing and therfore converges for ¢t — 7. We
conclude that the limit flow (f°) is stationary, and f* = f> isa
smooth proper Willmore immersion.

So far f°° can be trivial being planes or even X*° = (J. To apply this
blow up procedure, one has to ensure that f*° is non-trivial.

We call f°° alimit under the blow up procedure, and more precisely,
we call /> a blow up for ¢,, — 0, a blow down for o;,, — o0
and a limit under translations for o,;, — 1. Clearly by (3.3.7), the case
Oy —> T € {1, oo} only occur, if T = oo.

If £°° contains a compact component, then £°° = ¥, see [KuSchO1]
Lemma 4.3. Actually blow ups and blow downs are never compact, see
[ChFaSch09].

3.4 Convergence to a sphere

According to a theorem of Codazzi the only closed surfaces which are
totally umbilic, that is AY = 0, are the round spheres. In this last section,
we prove if the inital data are close to a round sphere then the Willmore
flow converges to a round sphere.

Theorem 3.4.1 ((KuSch01, Theorem 5.1]). There exists s,(n) > 0
such that if

/ |AQI” dpajy < £2(n)

)

then the Willmore flow (f;) with initial data f, exists globally in time
and converges for t — 00 exponentially to a round sphere.

Firstly, for a immersion f : ¥ — R" of a closed surface ¥ we see
by (1.1.9) and (2.1.18)

/ ASP diy = 2W(f) — dn((8) = 472 — x()).
X

hence for e;(n) < 4 in the above theorem, we get x(X) > 1, hence
¥ = §2, see for example [Ms77, Theorems 5.1 and 8.2].
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Instead of getting (3.2.15) by localization, one can use the smallness
of | . IA(} | dis to obtain a tracefree curvature estimate.

Proposition 3.4.1 ([KuSch01, Proposition 2.6]). Let f : X — R" be
a proper Willmore immersion of an open surface % satisfying

JS1ASP dpy < e,
x

lim o™ [ |A;?du; =0,
0—> 0 BQ(O) X

in particular if fz |Af|2 duy < oo, then

[ V-2 AP 417 1V AR 4 1AF1A°P) diay = €, [ WP .
) D)

This proposition implies the following gap lemma.

Lemma 3.4.1 (Gap Lemma [KuSch01, Theorem 2.7]). Under the as-
sumptions of the previous proposition, if f is Willmore, then f
parametrises on each connected component of ¥ an embedded plane
or a round sphere.

Proof. f is Willmore if and only if §W(f) = 0, hence A’ = 0, and
f maps each connected component of ¥ into an embedded plane or
round sphere by Codazzi’s theorem, say f : X9 - M for ) C ¥ a
connected componenet and M = P aplane or = S?. Then f being an
immersion is a local diffeomorphism, hence f(%y) € M is open. On
the other hand, f(X) is closed, as f is proper, hence f(Xy) = M, as
M is connected.

Since f is a local diffeomorphism, the fiber f~!(x) forx € M is
a discrete set, and as f is proper, f~'(x) is compact, hence finite.
Then f being a local diffeomorphism is a covering map, and hence is a
diffeomorphism, as M is simply connected. O

We use this to prove the following estimate for Theorem 3.4.1.

Proposition 3.4.2. Under the assumptions of Theorem 3.4.1

T
f/(W“AtF + AN IVEA L+ A NAYP) dy, de
0 (3.4.1)

< cnf|A(}i,|2 e,
X
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and
Moo i= tlim w s (R") €]0, ool (3.4.2)
—00

exists, and this limit is finite and positive.

Proof. By (1.1.9) and (1.3.6), weseefor 0 <s <t < T

t
[ 1w au ar = 1452 as = [ 152 d
s X

) )
and by Proposition 3.4.1

t
f/(WMAtF + AN IVEA P+ A AP dy, de
)

N

t
e / / SWUP due, di
s X

(3.4.3)
= [ 1% P as — [ 145 auy)
s T
<Gy [ 1A du, = Crea
T
which yields (3.4.1).
Next by (1.3.3) and (1.3.8)
d " -
Euft(R )=— [ (H,8f;) duy,
T
3.4.4)

=~ [ IVHEP aug + [ QAT an.
D) X
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By the Michael-Simon-Sobolev inequality (3.2.13) applied to u= |ﬁ| | A
and Kato’s inequality, we get

/(Q(Ao)ﬁ, ) dy; < f 2 A% du,
X X

- > N 2
<o [ I RA ey [ IR dy [ IEP 1A% 0
z z z

<G, [14F dy [ I94P dy
X )

+cnuf<R">(f AP [VEAP dpy + / |A[* 1A% duf),
X )

and for C,&(n) <1

- / IVEH? dpy + f (Q(AH, H) dp
P )

< Cortr @) ( [ 1AR (V24P 4 A1 14°F dy ).
D)

Then by (3.4.3), (3.4.4) and Gronwall’s lemma
T

@) = up®)exp (Co [ [AAL VAL + 1AFIALP) diay )
0 X
< e RY).

On the other hand by (1.3.7)
(Q(AHH, H) = g'"g/' (A}, H) (A}, H) >0,

and again by Michael-Simon-Sobolev inequality (3.2.13) and Kato’s in-
equality

- N N - 2
[LE R e TR AT
X ) )

< Cotty (R") / (VE2HP + [HP [VED) dy,
>
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hence by (3.4.4)

d
e ®) = —Cop R f (VE2HP + [P (VAP due.

Again by (3.4.3)

t
[ 0w cRp R 9 duy o

s X

t
< f f<|v“A|2 + AP (VR APR) duy dr

<c /|Af| duy, _f|A(;g|2de})v

we get by Gronwall’s lemma

exp ( / A 12 dig )1 R = exp ( / A, dpg, )y, (RY)

and r — exp(—C, f): |A0 2 |~ dw )y (R") is non-decreasing. In par-

ticular its limit for + — oo exists, and as ¢ +— f): |A0 |2 duy, is
non-increasing, the limit
Moo := lim u £ (R") € [0, 00]
—00

exists. We see

Moo = €2 p (R") > 0
and by above

Moo < €25 (R™) < o0,
concluding the proof. O

Proposition 3.4.3. Under the assumptions of Theorem 3.4.1 there exists
r >0 such that

/ |APdpy <& YO<t<T,xeR", (3.4.5)

By (x)

in particular the flows exists global in time.
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Proof. Let f, : ¥ — R" be a Willmore flow 9, f; + $W(f;) =0 on
the maximal existence interval [0, T[ withO < T < oo satisfying

[ 148 ang, < 200
)

If there is no such r > 0 then for 0 < ¢; — 0 there exists 0 < 7; <
T,x; € R" with
f |47, * dya g, > eo,
Bo; )
hence for the critical radius in (3.3.3) that r;, < ¢; and
fj=infl0<t<T|r<o0;}<i<T.
Clearly,
r,>p; forO=<t <fj,
and there is s; \, 7; with 7, < 0;. Then by (3.3.5) there exists x; € R”
with
[ 15, z e
By, (%)
As f(2 x [0, Tp]) is compact for 0 < To < T and By, (xx) N f(X x

[0, Tp]) # @ for fj < To and k large, we get for a subsequence x; — ;.
Then by smoothness of f on [0, T'[

f |A/»fj|2duf;jzli]1(nsup f |Ay, P dpy, > eo.
—00

ng()’j) ng(xk)

We put ¢; := fj — COQ‘}. As f is smooth, fj,tj — T, in particular
tj > Ofor j large and o¢; < r,. Then performing a blow up by the
previous section,

Sj = Q;l(fzﬁsg‘]‘. —y;) fors €]0, col

converges for a subsequence after reparametrization to a smooth proper
Willmore immersion f*° : £* — R". Clearly,

[ 145 e < timint 1%, 2 du < [ 1A% P diag <,
X z z

|A oo |* dpapoo < liminf [ |A,; Pdp,; < [ |Agl* diy, < oo,
Jj—0o0 f‘O f‘o
x> z z
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hence for &, < &1, we get from the Gap Lemma 3.4.1 that f parametrises
planes and round spheres.

Moreover
2 . 2
/ |A foc| dufoczllmsup/ |Afrj(-)| d,qu{)
J—>00
B1(0) B1(0)
= lim sup / |Af;_|2 d,ufﬁ > &,
j—oo J /
By, ()

and f°° is non-trivial in that sense that X*° # (§ and f*° does not
parametizes only planes. Therefore there is at least one component of
2> over which f°° parametrises a round sphere, hence this component
is compact. By the remark at the end of Section 3.3, this is the only

component and [ : X = 5 parametrises a round sphere S. In
particular I i (R") — H*(S) < oo and
0
wj, R = ey R") — 0.
But by (3.4.2)
wj (B = pog > 0

which is a contradiction, and hence exists r > 0 satisfying (3.4.5). We
conclude r < r,forallO <t < T, hence T = oo by (3.3.7), which
means global existence. U

Proof of Theorem 3.4.1. By Proposition 3.4.3 and the interior estimates
in Theorem 3.3.1, we see

| VEA, |loosy< Ci(n) for1 <t < 0o,k € Ny.

In the blow up procedure of the previous section, we can choose o, :=
r < r; and see that for any #; — oo, y; € R" there is a subsequence
such that f;, — y; converges after reparametrization to a smooth proper
Willmore immersion f*° : X°° — R". As above

/ | A% > dpp < &2, / |Apoe|* dpayoe < 00,
xoe $oo

hence for &; < 1, we get from the Gap Lemma 3.4.1 that f parametrises
planes and round spheres. By (3.4.2)
P ®") = lim g (R) = oo < 00,

and hence there are no planes.
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Choosing y; € f;,(X%), we know 0 € f*°(X), in particular > # (.
Therefore there is at least one component of %> over which f*
parametrises a round sphere, hence this component is compact. By the
remark at the end of Section 3.3, this is the only component and f°° :

¥ 5§ parametrises a round sphere S. Again by (3.4.2)
rPHA(S) = r’ s (R") « s, R = poo,

and although S is not unique, the radius of S is unique be given by
0 = /Itoo/4mr~!. We conclude

|A% | — 0,

H,,| = 47/ oo,

} uniformly for t — oo,

in particular
|Hfr| >c>0 fort > 1.

Then by Proposition 3.4.1 and (1.1.9) and (1.3.6)

5 f A% P duy, = — / W de

)y )

—Cy /(IVMAI2 + AP [VEAP 4 |A[YAY) duy
z

IA

A

—cnc“fuv“AF +IVEAR 4 1A°P) dps
)

for ¢ < 1, hence by Gronwall’s lemma observing fz |A0, > duy, —
0fort — oo

o
/ A duy, + / (IVE2AL +VEAP) dug, do < Ce™
z t

for some C = C, < oo and A = A,, > 0. Doing estimates on the higher
derivatives, we obtain

| A? || Loozy< Ce™,
| VEKA, ||y < Cre ™ fork > 1,

which yields exponential convergence of f. As we have already seen
above, the limit is a round sphere. O
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Appendix
3.A Blow up radius

In this appendix, we just remark on the relation between r; and o, in the
blow up procedure of Section 3.3.

Proposition 3.A.1. If
limsupr;;/or; = 00,
j—o0
then f* is trivial.
On the other hand, there exists t; — T such that for o, = ry,

and appropriate y,; the limit f> is non-trivial, that is f> does not
parametrise only a union of planes, in particular £ # (.

Proof. Weput R, =r;/0; > 1 and assume for a subsequence R;, — oo.
We see by (3.3.8) and by lower semicontinuity that

/|Afoo|2dufoo5n}2£f / AP du ;< Cey forx € R,

o0 BR,j (x)

For Cegy < €1, we get from the Gap Lemma 3.4.1 that f parametrises
planes and round spheres. In case it parametrises at least one round
sphere, we know that fzoo | A foo |2 du o > 8, which is impossible for
go small enough. Therefore f parametrises planes or even X = (J,
thatis f°° is trivial.

To get non-triviality, we consider

= ”1;1( fz,- et~ yi;) = f°  smoothly on compact subsets of R"

with y,; = x;,, ij:=1t; +cor} by (3.3.5), thatis

Lj

/ A gl dpps = / 1Ay, 1 i, = eo.

BrtAj /rtj ©) Brl:j (xfj)
Clearly, if we show
Foy. 4
lim inf 7 < 0o, (3.A.1)
t—>T ¥y

we can select a subsequence 7; — T withr; /r;, < ¢ < oo and see
from above by smooth convergence in compact subsets that

/ Ayl dit s = 50,
By (0)
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hence Ay~ # 0, and f° does not parametrise a union of planes, in
particular X # @.
Indeed for liminf,_, 77, teort /r: > I' > 0, we can choose fy <
T such that Frgegrd = I'ry Vto <t < T. Putting ;4 = t; + 007,4].,
we see
ry > rtOFj >0 VjeN.

Clearly for & small and using (2.1.21)

ri < diam(f,(2)) < Cu;(2)PW()'? < Cpyp(2)'2,

as W(f;) < WC(fy). The first variation formula (1.3.3) for the areas
yields

d - 5 1/2
d_ﬂﬁ(z)z—/<Hf,,a,ﬁ>dMﬁ §C</I3zf| de,) ,
t
>

b
and, as f evolves as gradient flow of the Willmore functional,

T

12
a2 = @)+ ([ 1o ang ar) " < caqrin,
0o

Hence
rP<C+1),
1 +ti1 = 1 +¢; +C07”t4j < (1 4+ Ccp)(1 +tj),
and
0<rgTY <rl <C+1;) < CU+Ceo) (1 +19),
which yields T' < (1 4+ C¢p)'/* for j — oo and (3.A.1). ]
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4 Conformal parametrization
4.1 Conformal parametrization

By a theorem of Huber, see [Hu57], a complete, oriented surface X
immersed in R" with [; |Ax|* dH* < oo is conformally equivalent to
a compact Riemann surface with finitely many points deleted. Moreover
if M is simply connected and non-compact, it is conformally equivalent
to C = R?, that is there exists

f:R2i>2<—>R”

with conformal pull-back metric f*geye = e’ g.c. The aim of this
talk is to study the behaviour of the conformal exponent u at infinity
following the work of Miiller and Sverdk in [MuSv95]. We will restrict
our presentation to n = 3.

Theorem 4.1.1 ((MuSv95)). Let f : R> — R? be a smooth complete
conformal immersion with pull-back metric g = [*gec = €*geuc and
square integrable second fundamental form satisfying

/Kg du, =0, 4.1.1)
R2
/|Kg|dug§8n—5 (4.1.2)
R2
for some § > 0. Then
—Agu =K, inR? (4.1.3)

Ai=1lim, u(z) € R exists and

| u—A llLcw2), | Du |22y, | D*u lL1@2y =< C(3)/ |A|2 dug. (4.1.4)
RZ

Moreover
i Lf (I N
im —— =¢".

y=oo |yl

4.1.5)

Proof. (4.1.3) is immediate from elementary differential geometry. By
conformal transformation to the Euclidean Laplacian A this reads —Au =
K e*. Recalling for the GauB map v : R*> — S? being a smooth normal,
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which is uniquely determined up to the sign and which exists globally, as
R? is simply connected, that v*volg> = K,vol,, we get

—Au = xv*volg.

/v*volsz = / K,vol, =0

R2 R?
and as the Jacobian of vis Jv = |K,| we get from (4.1.2)

/Jszdﬁzszv dug:/u(gmug < 87 — 6.
R2 R2 R2

Asby (4.1.1)

Together this satisfies the assumptions of the following Proposition 4.1.1
for ¢ = v, and there is a solution v : R? — R

—Av = #v*volg = Kge?  inR?,

lim v(z) = 0. (4.1.6)
7—>00
satisfying, when recalling |Dv| = | A|,
v lLe2)s I| DU 22y, | D0 i@z < C(8) / |Dv|* du,
R 4.1.7)

= C(a)/ |AI* dug.
Rz

Clearly u —v is harmonic on the whole of R? and the metric ¢*“~?) is
still complete, since v is bounded. Then by Proposition 4.B.1 the map

Z = u(z) —v(z) —alog|z

is harmonic and bounded at infinity for some o € R. Therefore it is the
real part of a holomorphic function in R? — {0}. As u — v is already
harmonic on RR?, it is the real part of a holomorphic function in R?, and
therefore o log |.| is the real part of a holomorphic function in R? — {0}.
This is only possible, if @ = 0. Then u—v is bounded, hence u—v = A
is constant, and (4.1.4) follows.

To prove (4.1.5), we put f. := e(f(./e) — £(0)) : R? — R3. Clearly
ge = fFGeuc = g(./€) = € geye With u, = u(./¢) and for o > 0

/ |Du,|* dC* = / |Dul>dL?> - 0 fore — 0

R2—B,(0) R2—By/e(0)



53

and
u; — A uniformly on R* — B,(0). (4.1.8)
Likewise the Gaul map v, of f, is given v.(x) := v(x/e) and for
o>0
[ wpac= [ ipug au
R2— B, (0) R2— B, (0)
= / |Dv[; dpu
Rz—Bg/S(O)

= / |A|2dug—>0 for e — 0.

R2—B,/:(0)

Next by (4.1.4) and |0f| = e, we get |Df| < C for some C < oo and
lipr: f < C, hence

|fe@)] = Clx], |Dfe] =C.

Since f, is conformal, we use the formula of Proposition 4.B.2
ID*[? = e (4 Du. + | Dv. )
and get for o > 0 recalling that u, u, are uniformly bounded

/|D2fs|2dCZSC / (|Du8|2—|—|Dvs|2>d£2—>0 for & — 0,

R2—B,(0) RR2—B,(0)

[125pact <c [ (1pup +1Dur) ac?
R2

R2
_ c/ (|Du|2 + |Dv|2> dc?

]RZ
:C/|Du|2 d£2+C/|A|2 dp, < o00.
R2 R2

Then for any &, there is a subsequence such that

Jeo = Jfo weakly in W22(R?), uniformly on compact subsets of R?.
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Jo is a conformal immersion with £ geue = e?* geue by (4.1.8). More-
over from above for ¢ > 0

/ |D? fo|* dL* < ling) / |D*f.1>dL? =0,
£—>
R2-B,(0) R2—B,(0)

hence D?fy = 0and Dfy = (a, b), witha L b, |a| = |b| = ¢*. This
yields by fy(0) < f.(0) =0 that

| fo)| = I(a, b)y| = e*|yl,
hence, as this is independent of the subsequence,
| fo] = €] uniformly on compact subsets of R2.

We see for ¢ = 1/|y| that

0
JO) = fum /Iy + IO

|yl |yl
and conculde
.1 . /(0)
lim =——— = lim | fi,,/(y/Iy}) +—=| =¢",
y=oo || lyl—o0 |yl
which is (4.1.5), and the theorem is proved. O

Proposition 4.1.1. Let ¢ € W"*(R2, §2) with D € L*(R?) satisfy

loc

[JedL? <8m -3,

RZ
4.19
[ ¢*volg| < 4x. (419
]RZ
Then there exists a unique, bounded solution v : R >R
—Av = x¢*volg  inR?,
¢ Yols (4.1.10)

lim v(z) =0,
7—>00
satisfying

I v o2y, I| DU 2@y, | D0 |1 gey< €82 / |Do|* dL?. (4.1.11)

RZ
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Proof. We follow [MuSv95, Corollary 3.3.2]. By [MuSv95, Proposi-
tion 3.4.1] using [ScUh83, Section 4], we approximate ¢ in W,"*(R2, §2)

loc
with D¢ € L*(R?) by a smooth map which is constant outside a com-

pact subset of R? while keeping (4.1.9). and we will first assume that
¢ is smooth and constant outside a compact subset of R,

Composing ¢ with the stereographic projection and extending to S2,
the mapping degree as map S* — §? satsifies

/(p*volsz = 4ndeg(p) € 4nZ,
R2

hence by (4.1.9)
deg(g) = 0.
Counting preimages for regular values according to their orientation, we
get by Sard’s theorem
H%(p~'(p)) is even for almost all p € S,

hence again by (4.1.9)

1
volg (p(R?)) < 3 f Jo dL? < 4m —§/2,

RZ

in particular volg (S? —@(R?)) > §/2. As ¢(R?) is a Borel set, actually
compact, in particular measurable, we can choose a compact subset K €
52 — p(R?) with

volg2(K) > §/2 (4.1.12)

and put U := §* — K D ¢(R?) open.
Now we continue with the construction of [MuSv95, Corollary 3.3.2].
We consider the map Ty : S —{(0,0, —1)} — B,(0) € R? defined by

52 —{(0,0, —1)}

‘/’/

[0, r[xR ~| T
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in polar coordinates

¢(r,0) := (sinr cos 6, sinr sinf, cosr),
Y(r,0) ;= o(r)(cos b, sinh).

We calculate
cosr cosf —sinr sinf

D¢ = | cosrsinf sinrcosf |,
—sinr 0

(J¢)* = det(Dp” Do) = Gram(d,¢, dp¢) = |3,¢|* |3p¢|* = sin’r,

and
_(0'(r)cos® —o(r)sin®
Dy = (Q/(r) sinf o(r)cos6 ) ’
JY = |det(Dy)| = |00 (r)l.
We seek J¢ = Jyr thatis |(%Q2)/(l”)| = sinr, hence o(r)?> = 2(c F
cosr)and o(r) = +/2(c Fcosr). Putting o(r) = +/2(1 —cosr) =

2sin(r/2), we get J¢ = J. Clearly with this definition, 7j is bijec-
tive and smooth on §? — {(0, 0, £1)}. More precisely for (x,y,z) =
(sinr cos @, sinr sin@, cosr) € §2 — {(0,0, —1)}, we see

. 2sin(r/2) . . .
To(x, y,z) = 0(r)(cos b, sinf) = ————=(sinr cos O, sinr sin )
sinr
2sin(r/2)
= —— @, y).
sir

Recalling sinr = 2sin(r/2) cos(r/2), 2cos(r/2)> =1 +cosr = 1 + z,
we obtain
2sin(r/2) _ 2sin(r/2) _ 1 _ 2
sinr 2sin(r/2)cos(r/2)  cos(r/2) YV 14z

[ 2
TO(x’va): I—H(xvy)

Therefore T, is smooth on the whole of S> — {(0,0, —1)} and, since
J¢ = Jy and both ¢ and i are orientation preserving, we get

and

¢ volge = Y dxy Adxy = ¢*Tdx; AN dxy

and
Tydx) Adxy, = Volszl(S2 —{(0,0, —-1)}

that is 7p is volume preserving.
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Moreover

10, Tol, 19, To| = \/Z 0.7y = 1D
14z ﬁ(] 1 7)32

We observe
)P =x*+y=1-2=(1+2)1-2)

and for the tangential projection

|€§an| :\m:\/l——zzz |(x9 y)'?

hence for the gradient on S?
1—z2 - 2
V2O +2) ~Vi+z

2 2 n
V2 Tol = les - VI Tyl = [€5] 10, To| =

Next as
1(x, v, 2)— (0,0, =D|* = x>4+y*+(1+2)? = 1 -2+ (14+2)* = 2(1+2),
we obtain

VS To(x, y. 2)| < C/1(x, y.2) = (0,0, D).

Now we put vy := (0,0, —1), O,, = ids> and define for v # vy the
orthogonal transformation

(vo — v)(vo — V)7
[vo — v|?

O, x =x-2

Clearly O,vy = v, O,v = vy and the dependence v — O, is smooth
in S —{v}. Weput T, :=Tyo O, : S — {v} —> B,(0) and see form
above

Trdxy Adxy = OFT¢dx) A dxy = Oj(volszl(Sz . {vo})>
= volg|(S? — {v}), (4.1.13)
VS T,(p)| = [V To(0, p)| < C/10up — ol = C/Ip — vl.
Clearly K C S — @(R?) # S?, and we may assume vy ¢ K. Then we
define 7 : U — B,(0) by

1
T(p) = m / Tv(p) dVOlS2(V).
K
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Since d(v, K) > Oforallv € U and by the continuous, hence mea-
surable dependence v +— T, this is well defined and by (4.1.13) T is
smooth,

T*dx) ANdxy = VO]§|U

and
VST (p)| < L/WT( )| dvolg: (v)
P = Sole(K) vip s
K

1
<cs! dvolg(v) < Cs .
p—vl °

S2

This yields for T o ¢ : R? — R?
@*volg = (T o @)*dxy A dx, = det D(T o )dx; A dx;
and by Theorem 4.A.2

I #@*volg> Nl @) =l det D(T 0 @) ll31@2y< C || D(T 0 @) |72,
S C8_2 || D§0 ||22(R2) .

Then by Theorem 4.A.1 or by Theorem 4.A.3 apart form the W?!-
estimates there exists a unique v

—Av = *¢*volg = det(D(T o ¢)) inR?,
lim v(z) = 0.

Z—>00

v is continuous and satisfies the estimates
2
| v llpo@2ys | DV 22y, | D70 [Ip1wey < C |l %™ Vol |31 w2

< C87% | D¢ 722

and the proposition is proved for smooth ¢ which is constant outside a
compact set.
For ¢ € Wll)’cz (R?, §?) with D € L*(R?), we approximate ¢ with

[MuSv95] Proposition 3.4.1 using [ScUh83, Section 4] by smooth maps
¢m : R> — S? which are constant outside a compact set and

@m — @ strongly in L2 (R?),

Dg,, — D¢ strongly in L>(R?),
©m, Do, — @, Do  pointwise almost everywhere in R,

Clearly ¢,, satisfy (4.1.9) for m large. The above construction yields
smooth maps ®,, := T}, o ¢, : R* — B,(0) C R? for m large with
x@!volg = det D®,, inR?,
| D@y, |l12®2y< C87" || Doy Il 22 -
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Clearly

limsup || DD, ||;2@2) < limsupC8™" || Doy, |l12®2)
nm—0o0 m— 00
=Cs ' || Dy | 2m2) < 00,

hence for a subsequence

D, > d strongly in L2 (R?),

loc

D®,, - D® weaklyin Lz(Rz),
with ® € W2(R?, R?) and

| D@ [|2@®2< C87" || Do |l 22 -
We claim the following convergences

x@Fvolg — *@*volg  strongly in L' (R?),

f det(D®,)1 dL* — f det(D®)). dL2 forall € CO(R?). (41.14)
R2 R2
Recalling volg = (dx; A dxy A dx3)Lvg, where vg: denotes the outer

unit normal at ¢, we see

x@*volg: = det(e, 019, 0,¢) < det(@,, 01@m, 20m) = *¢,,volg

pointwise almost everywhere on R?. Moreover

| % @ volg| = | det(@m, 81@m» 020m)| < | Dyl

and, as D¢, — D¢ strongly in L?(R?), we get by Vitali’s convergence
theorem the first convergence in (4.1.14).
Next we calculate for A € C§° (R?) that

/ det(D®)x dL2 = / (alcplach2 — 3,®'9,d%)2 dL2
R2 R2
- / (al(cplx)azop2 — (D' 2)0, D) dL2
RZ
_ / <<I>182<I>281k — @19, ®20) dL2.

RZ
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Now ®'i, ®? € W, 2(R?) and ®'A has compact support and by ap-

loc
proximation by functions of C{°(IR?), we see that the first term on the

ride hand side vanishes. Therefore
/det(Dcp)x act = —/ (cplachzalx — 39,200 dL2

R2 R2

and the same is true for & replaced by ®,,. Then by &,, — P strongly
in L} (R?), D®,, — D® weakly in L*(R?) and D € CJ(R?)

loc
fdet(DCIDm)k ac? = —f (cb}nazcb;alx — @l 3,02 9,0) dL>
R2 R2
— _/ <<I>182d>281A — '3, D%9,1) dL?
R2
= / det(D®)A AL,
R2

which is the second convergence in (4.1.14).
(4.1.14) implies that

x@*volg = det D&  in R%. (4.1.15)
As above by Theorem 4.A.2
” *Q*Vols2 ||'H1(R2) :” det D® ”HI(RZ)

< C || DO 7252y < C877 || D@ ]2,

and by Theorem 4.A..1 or by Theorem 4.A.3 apart form the W !-estimates
there exists a unique v

—Av = det(D®) = *¢*volgz  in R?,
lim v(z) = 0.
7—>00
v is continuous and satisfies the estimates
2

| v L2y, | D llp2@w2y, | D70 w2y < C |l *@*vol g 71 ®2)
) 2
E C8 || D(p ||L2(R2)7

and the proposition is proved in full generality. O
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Appendix
4.A H'-Estimates

We recall the following results concerning the Hardy space H!.

Theorem 4.A.1 ([FSt72], [MuSv95, Theorem 3.2.1]). For o € H!(R?)

there existis a unique v € Wli’cl (R?) of

—Av=a inR?
lim v(z) = 0.
7—>00

v is continuous and satisfies the estimates
2
| v ||L°0(R2), | Dv ||L2(1R2)7 | D7v ||L1(R2)§ Cla ||H1(R2) .

Theorem 4.A.2 ((CLMSe93]). For ¢ eWIL’C" (R R) with Dp €L (R, R"),
the determinant det(Dg) belongs to H'(R") and satisfies

| det(Dg) llz1en < Co | D@ I,

Remark 4.A.1. These results admit a solution to the equation Av =
det(Dg) for ¢ € W'2(R?, R?) which is continuous and satisfies the es-
timates above. This was earlier proved by Wente apart from the W?2!-
estimate, but which would suffice for our purposes.

Theorem 4.A.3 ((We69]). For ¢ € W'2(R?, R?) there exists a unique
solution v € WH2(R?) N CO(R?) of

—Av =det(Dg) inR?,
lim v(z) = 0.
—>00

v satisfies the estimates
2
Il vl o2y, | Dv |22 < C || D ”LZ(R2) .

4.B Auxiliary results

Proposition 4.B.1 ((MuSv95] Lemma 4.1.2). Let u : C — B;(0) —> R
be a harmonic function such that the metric e**$; j s complete at infinity.
Then for some a > —1 the map

7+ u(z) —alog|z]

is harmonic and bounded at infinity.
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Proof. We follow [MuSv95, Lemma 4.1.2] with a simplfied argument
from [Os69, Lemma 9.6]. Putting

2
1
o= 2—/(Vu(r cos @, rsing), (rcosg,rsing))dp e R forr > 1,
T
0

we see that # — alog|.| is the real part of a holomorphic function
® in C — B;(0). We do a Laurent expansion of @ in C — B;(0) in
the form

o0
P(z) = Z izt for|z| > 1
k=—00
and suitable ¢; € C. Putting
-1

Do(z) == Y it forlz| > 1,

k=—o00

U(z):= Y izt forz eC,
k=0

where we observe that the power series in the second definition converges
for |z| > 1, hence on all of C and defines an entire function. Clearly
® = Py + V¥, and Dy(z) — 0forz — o0, hence P, is bounded at
infinity. Then for any integer N > «

eu(z) — |Z|aeRe<I>(z) < C|Z|NeRe\IJ(z) for |Z| - 2’
and the metric
|zV eV @ |25ij is complete at infinity (4.B.1)

too. As C is simply connected, there exists an entire function F with
F'(z) = 7Ve? @, F(0) = 0. We see

F(z) = ew(o)zNH/(N + D+ ="y

for some entire ¥ with ¥(0) = e¥©@ /(N 4+ 1) # 0, and there exists
locally A holomorphic in a neighbourhood of 0 with v = AN*! X(0) #
0. Putting A(z) := zA(z), we see that F = AN*!' in a neighbourhood
of 0 and A(0) = 0,A'(0) #0. Then A admits an inverse g such that
A(g(w)) = w in a neighbourhood of 0, in particular

g0)=210)"#0. (4.B.2)
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We extend g holomorphically to the maximal disc Bg(0) € C with 0 <
R < o00. Then F o g isholomorphic in Bg(0), as F is entire, and in a
neighbourhood of 0 we have F(g(w)) = AV (g(w)) = w™*!, hence

F(g(w)) = w"™! forall w e Bg(0). (4B.3)

We claim R = oo, that is g extends to an entire function. Indeed,
if R < oo, there exists wg € dBg(0) and g cannot be extended to
Br(0) U U(wg) for any neighbourhood U (wy) of wy. We consider the
path w(t) = two for0 <t < 1 and its image y := g o w under g. By
(4.B.3)

d d
F'(y®)y'(t) = 7 Few@)) = Ew(t)N+1

d
= Z(zwo)N+1 = (N + Hw) eV,

hence

1 1
f y OV ()] dr = / Py @)y ()] di
0 0

1
= /(N + D|wol NN dr
0

N+1 _ RN-H

= |wo < Q.

By (4.B.1), the path y cannot diverge to infinity, hence liminf; »; |y (£)| <
oo, and we select # ' 1 with z; := y(#) = g(w(#)) bounded. For a
subsequence, we get z; — zo € C, w(t;) = tywo — wo and

F(20) < F(z0) = F(g(w(@))) = w(t)™ ™! — wg™" #£0,

in particular zo # 0, as F(0) = 0, hence F’(z9) = z}'e”“ % 0. Then

there exists a local inverse 7 : U (wéV +1) = U (zo) of F. We choose
o > 0 small enough such that

Yw € B,(wp) : w¥t e Uw)™)
and w — t(w™*!) is holomorphic in B, (wp). We claim
Yw € B,(wp) N Bg(0) : g(w) € U(zg) &= g(w) = t(w™ ™).

Indeed if g(w) € U(zp), then g(w) = t(F(g(w))) = t(w™*"). On the
other hand, from the right hand side, we see g(w) = t(w"*!) € U(z).
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This yields that
A :={w € By(wo) N Br(0) | g(w) = r(w"*")}

is open and closed in the convex set B,(wo) N Bg(0). Recalling #wo —
Wo, Zxk —> 20, We see for k large that 7wy € B,(wo) N Bg(0), g(trwo) =
Zx € U(z0), hence frwy € A and A is non-empty. Therefore A =
B, (wo) N Bg(0), as the right hand side is connected, and the holomorphic
functions g and w — (w™*!") coincide on B,(wo) N Bg(0). Putting
gw) = t(wVt) forw € B,(wop), this extends g holomorphically
to Bg(0) U B,(wo), which contradicts the definition of R, and hence
R = 00, as claimed.

Therefore g extends to an entire function and satisfies (4.B.3) on the
whole of C. This yields for w,, w, € C that

g(wi) = g(w) = F(g(w)) = F(g(wy)) = wy ™ = w) !,

and g can take any value in C at most N + 1-times, hence g must be a
polynomial of degree at most N + 1 by Picard’s theorem. As moreover
g(w) =0 implies w¥ ! = F(g(w)) = F(0) =0, hence w = 0, we get
g(w) = aw* forsomea € C,0 <k < N + 1. Then g'(w) = kaw*™!
and combining with (4.B.2), wesee k = 1,a # 0 and g(w) = aw. Then
wV¥*! = F(g(w)) = F(aw) by (4.B.3) or likewise

F(Z) — (a—IZ)N—H — Cl_N_IZN+1,
and F is a polynomial as well. We calculate
ZNe\I’(z) — F/(Z) — a_N_l(N + I)ZN

and e¥@ =g N"Y(N + 1) for z # 0, hence W is constant.
Therefore

2> u(z) —alog|z| = Re®(z) = Re®y(z) + ReW(0)
is bounded at infinity, as @, is bounded at infinity.

Clearly this map is harmonic. Moreover e“? ~ elo2lzl — |7 for
7 — 00, and, as e*$; ; 1s assumed to be complete, we obtain

o0 o0
oo:/e“")dtgcft“dt
2 2

and conclude o« > —1. O
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Proposition 4.B.2 ((MuSv95, Lemma 4.2.7]). For a conformal immer-
sion f:U CR?> — R3 with pull back metric § = f*geue = € geue
and Gaup map v : R*> — S2, we get for the second derivatives

ID2f]? = <4|Du|2 + |Dv|2)
Proof. The equations of Weingarten
3 f = Ffjakf‘F Aij

read together with the formulas for the Christoffel symbols in Proposition
1.2.2(1.2.5)

1 _ 1 _ 7l _ 1 _
T121 = alu, T122 = T22] = 82u, T222 = —alu,
Tll = —82%, le = T21 = all/t, T22 = 8214,

that
o f=0owd f—owudf+ Ay,
Oinf = dou d1f + 01u dof + Apa,
01 f = ou 1 f + 01u 0o f + Aui,

Observing that e™0, f, e "0, f, v forms an orthonormal basis of R3, we
get

2
ID*f> = 4e™Dul* + > | A,
i j=1

Next 2(Dv, v) = D|v|> =0, hence Dv € span{d; f, 9, f} and
v =g (B, 0 f)af = —e (v, Ai)di f — e (v, An)dr f.
This yields

2
2 -2 2
DV = e ) " |Ayl

i,j=1

and
|D? f|* = 4¢*|Du|* + ¢*|Dv|°.
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4.C Huber’s theorem for simply connected surfaces
in codimension one

In this section we give a proof of Huber’s theorem for simply connected
surfaces in codimension one. Actually in Huber’s theorem the assump-
tion is only [y K_du < oo instead of [j|A|*du < oo, which is
weaker by (1.1.2).

Theorem 4.C.1 ((Hu57]). Let f : X — R3 be a complete immersion
of a simply connected surface X with square integrable second funda-
mental form f): |Af|> dpy < co. Then © with pull-back metric f*geuc
is conformally equivalent to the plane C or to the sphere S°.

Proof. By the uniformisation theorem for simply connected Riemann
surfaces, see [FaKr, Theorem IV.4.1], X is conformally equivalent to
the plane C = R?, to the sphere S* or to the disc B7(0) C C. We have
to exclude the disc.

Let’s assume on contrary that there is a complete, conformal immer-
sion f: B;(0) - R with pull-back metric g = e g = [*geuc and
with square integrable second fundamental form f B,(0) |A s 1> du < 0o.
Obviously the metric g = e’ gue is complete on B;(0). Let v : R? —»
S? be the GauB map determined up to the sign. Then as in the proof of
Theorem 4.1.1 by elementary differential geometry

—Au = K,e* = sv*volg in B;(0). 4.C.1)

We seek as in Proposition 4.1.1 a bounded solution v of —Av = *v*volg
in a neigbourhood €2 := B;(0) — B,(0) of the boundary of B;(0). We
get by (1.1.2) for o closeto 1 that

volg (p(2)) S/Jsz d£2:/Jv dyi, =/|Kg|dug
Q Q Q

1
< 5/|Af|2 dis < 4w
Q

in particular volg(S? — @(R2)) > 0. As () is a Borel set, actually
o-compact, in particular measurable, we can choose a compact subset
K € S§? — () withvolg(K) > 0 and put U := S? — K D ¢(Q)
open.

By the construction as in Proposition 4.1.1, we get a smooth map 7 :
U — B,(0) € R? with

T*dx; Ndx, = V01§|U,
VST € L®(U).
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Therefore Tov € W'2(R2, B>(0)) and extending by reflection we obtain
& e WH2(R?, R?) with

v*volg: = (T o v)*dx; Adxy = det D(T ov)dx; Adx,
=detD® dx; Adx, 1n Q.

By Theorem 4.A.2, we get det D® € H'(R?) and by Theorem 4.A.1 or
by Theorem 4.A.3, there exists a continuous and bounded solution v of

—Av=detD® inR?,

in particular
—Av = xv*volgp = Kg62“ in Q.

By (4.C.1), we see that u — v is harmonic in €2. Putting

2
1
o= /(V(u —v)(rcosg,rsing), (rcose,rsing)) dp e R
T
0

T2
foro <r <1,
we see that u — v — «alog|.| is the real part of a holomorphic function

® in Q2. By a Laurent expansion of ®, we can write & = &¢ + ¥ with
®( holomorphic in C — B,(0) and ¥ holomorphic in B;(0). We see that

limsup |u(z) — ReW(z)| = limsup |v(z) + o log|z| + RePy(z)| < o0,
lz| 71 lz| 71

as v is bounded and @, is continuous around 9 B;(0). Recalling that the
metric €2 geye iS complete on B;(0), we see that the metric e?ReVg e
is complete on B;(0) too. Now ReW is harmonic on B;(0), and by the
next Proposition a complete metric with harmonic conformal exponent
does not exist on B;(0). This is a contradiction, and the theorem is

proved. U

Proposition 4.C.1 ([Os69, Lemma 9.2]). Let u be harmonic on a non-
empty open subset Q2 C C, such that the metric €* gy is complete on
Q. Then Q is the plane C or the plane with one point deleted.

Proof. By considering a connected component, we may assume that €2
is connected. As € is locally path-connected and locally simply con-
nected, the universal covering 7 : ¥ — 2 exists and is simply con-
nected by [Sp, Corollaries 2.5.7 and 2.5.14]. X with pull-back metric
T*geue 18 a simply connected Riemann surface, hence by the uniformi-
sation theorem, see [FaKr, Theorem IV.4.1], it is conformally equivalent
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to the plane, sphere or disc. The sphere is excluded, since otherwise £2
were compact. Therefore we may assume X = C or B;(0) and have a
conformal covering map 7 : ¥ — Q.

As g := e?g., iscompleteon 2 and 7 : ¥ — Q is a covering
map, we claim that the pull-back metric 7*g is complete on X. Indeed
let y : [0, 1[— X be a continuously differentiable path which leaves
every compact subset of X. We have to prove that its length with respect
to m*g isinfinite. Now moy isacontinuously differentiable path in €2
with the same length as y, as 7 is alocal isometry. If 7 oy leaves any
compact subset of €2, it has infinite length by completness of g, and we
are done. Otherwise there exists a sequence ¢, /' 1 with (r o y)(t,) —
p € 2. We consider B,(p) € £ which is evenly covered by m,
that is the restriction of 7 to any component of 77 ~! (Bo(p)) is a home-
omorphsim onto B,(p). If 7 oy eventually stays in B,/ (p), that is
(m o y)(t) € Bypn(p) fort > 1o for some 1y < 1, we first obviously see
that y(¢) € n*I(BQ(p)) fort > 1y, hence y([#, 1[) being connected
stays in one connected component C of 77~ (Bo(p)). Then y even-

tually stays in C N 7w~ (B, 2(p)), and as 7|C : C —> B,(p) is a
homeomorphism, we see that C N n”(BQ/z(p)) = (n|C)*](BQ/2(p))
is compact, which contradicts the assumption that y leaves any compact
subset of X. Therefore 7 oy does not eventually stay in B, (p).
On the other hand (7 o y)(#,) € B,/s(p) for n large. Combining these
two facts, we get after relabeling the sequence two sequences #, < s, <
tht1 With (m o y)(t,) € Bya(p) and (r 0 y)(s,) & Byj2(p). Then clearly
length((mr o y)|[ty, $x]) = co > 0, hence 7 o y has infinite length and
the same for y, proving the completness of 7*g.

As 7 is conformal and dm has full rank, we can assume after a
possible conjugation that 7 : ¥ — Q C C is holomorphic. Clearly,

* % 2u _ 2(uom)| .12
T g=T € Zeuc =€ 17| Geuc-

Then as 7’ # 0, we see that log |7'| is harmonic on X. Moreover as u
is harmonic, it is locally the real part of a holomorphic function ¢, hence
u o is locally the real part of the holomorphic function ¢ o 7, and
u o 7 is harmonic on X. Then v := (4 o ) + log |7/| is harmonic on X
and g = e?Vgeue is complete on X.

Since X is simply connected, v = Re® is the real part of a holo-
morphic function & globally on ¥. Again as ¥ is simply connected
and e® is holomorphic on X, there exists a holomorphic function
W on ¥ with W’ = ¢®. The pull-back metric of W is given by

* 12 2Re® 2v *
W geue = |V | geuc = € 8euc = € Zeue =TT §

and hence is complete on X.
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We endow X with the metric W*g., . and C with the Euclidean
metric  geye. Then obviously the map W : ¥ — C is a local isometry,
hence transforms geodesics on X into Euclidean geodesics on C that
is into straight lines. We fix p € ¥ and write to abbreviate the notation
V(p) =0¢€ C. As ¥ is complete the exponential map exp, : T,% —
Y is defined on the whole of the tangent space and is surjective. We
consider Woexp, : T,% — C and see forany v € T, that 7 >
exp,(tv) 1is a geodesic on X through p, hence by the remark above
t— (Woexp,)(rv) is a stright line through O or likewise

d
(Woexp,)(tv) =t - E(\IJ o exp,)(tv)|i=o =1 - d(V oexp,)o.v,
hence Woexp, =d(Woexp,)o. Recalling dexp, , = idr,s, we obtain

Voexp,=d(Woexp,)=d¥,:T,% =,

which is a linear isomorphism, as W is a local isometry.
We conclude that exp,, is injective, and, as we already know that exp,

is surjective, we see that exp,, is bijective. Thensois W : X =5 C,and
hence the universal cover X of € is the plane, and we can consider the
entire holomorphic function 7 : C — Q C C. Now by the little Picard
theorem, an entire holomorphic function excludes at most one point of
C, unless it is constant. As covering map 7 is surjective, in particular
non-constant, hence Q = 7 (C) is the plane or the plane with one point
deleted, and the proposition is proved. O
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S Removability of point singularities
5.1 C'“-regularity for point singularities

We start with C'-*-regularity for point singularities with unit density of
Willmore surfaces.

Lemma 5.1.1 ([KuSch04, Lemma 3.1]). Let X be an open embedded
Willmore surface in R? with

B;(0)NX — = = {0}, (5.1.1)
0**(H?L%,0) < 2, (5.1.2)
/|A2|2 dH? < 0. (5.1.3)
>

Then ¥ U {0} isa C"“%-embedded surface at 0 forall 0 < o < 1, and
the second fundamental form A satisfies the estimate

[A(x)| < Celx|™® Ve > 0. (5.1.4)
Proof. Clearly by (5.1.3)

/ |AQ712|2dH2= f |As|>dH*> - 0 forpo — 0.
0~ 1XNB,(0) SNB, (0)

Then for o small, we get by interior estimates Theorem 3.3.1 that

L.k
| VZTAp-is ”LDO(BI(O)*BI/Z(O))S Ci |l AQ’IE ||L2(Bz(0)—Bl/4(0))_> 0.

By (2.1.5) for x € B;(0) — B 5(0),0 < r < 1/2,

rHX(B,(x) No™'D) < 8H*(Bip(x) No ')
+CW(B1x(x) No ' D)
< 80 *H? (B2, (0) N X) + CW(Byy(x) N X)
and

limsupr >H?*(B,(x) N0~ '%) < 876> (H2LE, 0) < oo.

0—0

Similarly for other x € R® — {0} and together o~'¥ converges for
subsequences smoothly on compact subsets of R? — {0} to a union of
planes and

N
HZ\_Q;IZ - u= Z@,’HZLP,-

i=1
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with 6; € N, P, € R?® planes. As above

r2(B,(0)) < limsupr *H*(B,(0) N o~ 'X)
0—0

= limsup(or) >H?(B,-(0) N X) < m6>*(H?LX, 0)
0—0

and
N

B, (0
36 = tim L) g2 5 0) <0,
g r—00 ar
in particular u = H?LP. We claim 0 € P = spt u. Indeed if not,
then By, (0) Nspt u = ¥ for some r > 0, hence by smooth convergence
Q]._IE N dB,(0) = ¥ and likewise £ N 3B,,,(0) = Vfor j large. As
0 € X, we see for k > j that ¥ N By, (0) — B, (0) is a non-
empty, smooth, compact surface without boundary. By Proposition 2.1.1
(2.1.18)

4w = W(E N Byg;(0) — B, (0)) <2 / |Ax|? dH?,

£NByq; (0)

which contradicts (5.1.3) for j — oo. Therefore 0 € P = spt u, and
0~ !'2 converges for subsequences to a unit-density plane through the
origin, in particular 62(H?LX,0) = 1.

Further ¥ is a smooth graph over some plane in B,(0) — B,,>(0)
for small p, and hence it is a smooth embedded, unit-density Willmore
surface in Bs(0) — {0} for & small enough which is diffeomorphic to an
annulus

2 N (B5(0) — {0}) = BF(0) — {0}

We modify ¥ outside Bs(0) by a surface close to a plane such that X
is a smooth, embedded surface in R®> — {0} which is diffeomorphic to
R? — {0}, is Willmore in B;s(0) — {0} and satisfies

/|A2|2 dus <&
>z

for § and ¢ small enough.

We invert ¥ by I(x) := |x|~2 x and put 3= 1(X) U{0}. T = R?
is a smooth, complete surface in R>. By invariance of the Willmore
functional in (1.2.3), we get

[ 148 ans < [ 1AsP aus <e.
) z
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Next by GauB-Bonnet’s theorem and 3 = R2

lim / K¢ dus =0,

R—o0
$NBR(0)

hence by (1.1.7) and

/|A2|2=2/|A%|2+2lim / Kidﬂﬁ=2/|A%|2<2g,
R—o0

s s $NBR () b

in particular Ag € Lz(ui), hence K¢ € Ll(ui) by (1.1.2) and

/Kﬁ dus =0, /|K§:|du,§: <e.
by by

Now % isa simply connected, complete, non-compact, oriented surface
embedded in R? with square integrable second fundamental form. By
the uniformisation theorem for simply connected Riemann surfaces, see
[FaKr] Theorem IV.4.1, it is conformally equivalent to the plane C = R?
or to the disc BIZ(O) C C. Actually by Huber’s theorem, see [Hu57] or
Theorem 4.C.1, it is conformally equivalent to C = R?, say

FfiR? S S CR?
with pull-back metric f *Geue = o2 Zeuc.- By Theorem 4.1.1 for ¢ < 8w,

we see I € LOO(EA)) and lim,_, |f(x)|/|x| €]0, ool. Inverting back, we
get a conformal diffeomorphism f := I~'o fol : (R2U{oo}) —{0} —>
3, as I is conformal, with pull-back metric g = f*geyc = e’ g and

uelL®

loc

lim SO
m ——

=0 |y]

(R?),

€]0, ool (5.1.5)
in particular there is C < oo such that
2N B,y(0) € f(BE,(0) forg > 0small.

f is a Willmore immersion near 0, say on 2 := BIZ(O) — {0}, hence it
satisfies the Euler-Lagrange equation (1.3.10)

AgH+|APH = 8W(f)vs =0 inQ,
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where vy denotes a unit normal at X, and by conformal transformation
of the laplacian
AH+ e A°PH=0 inQ.

We want to apply the Power-decay-Lemma 5.2.1 of the next section to
v = H. Clearly
[v], ¢"|A° < ClA] inQ,

and
A € L*(B}(0)).

This verifies (5.2.1), (5.2.2) and (5.2.4). By interior estimates Theorem
3.3.1, by (5.1.5) above and since f is Willmore in €2, we get for
Jo |AI? dug < & that

I Al s2)< Co' |l A 1253, for any B;, C Q. (5.1.6)
This verifies (5.2.3), and the Power-decay-Lemma 5.2.1 implies
/ |Hs|? dH? < / |H|*dpg < Co0*™° Ve >0. (5.1.7)
B,(0)NX B%Q(())
We approximate f by affine functions /(y) := a + by and put

w(@):= inf o2 f—1|% for0 <o < 1.
1 affine L (B O)

Putting f,(y) := 0~ f(0y), we see by rescaling that
_ 72

Now we use .
Af =¢®H=:h onQ, (5.1.8)

or likewise putting /,(y) := oh(oy) that Af, = h,. By standard elliptic
theory, there exists a solution ¢, € W>2(B7(0))

A¢, =h, inB}0), ¢,=0 ondBi0),

and this solution satisfies by Friedrich’s theorem, see [GT,Theorem 8.12],
and (5.1.7) that

|| ¢Q ||LOO(312(0)) S C ” ¢Q ”WZ*Z(BIZ(O))S C ” hQ ”LZ(BIZ(O))
1—
=Clh ||L2(B§(o))§ C:o ¢ Ve>D0.
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Clearly f,—¢, is harmonicin € and boundedin B}(0), hence f,—¢,
is harmonic in B}(0) and sois f, — I, — ¢, for any affine function
lo. We see for the linear Taylor polynom [(y) := (f, — I, — ¢,)(0) +
V(fo—1lo —$0)(0)yand 0 < o < 1/2 by Cauchy-estimates

02N fo—lo=bo—1l~zon <1 D*(fo = lo = 80) li=s2 0
= Cll fo—lo = o =m0y
<Cl fo—1 ||Loo(312(0)) +C.0'"* Ve >0.
By rescaling as above
0©00) <o || fo—lp — 1 Iixs20)
<2077 | fo—lo = $0 — L Izmgmzioy 1207 1 b0 I a2
<Co?| f,—1, ||im(312(0)) +C.0 20>
and taking the infimum over /,, we arrive at
0(00) < Co’w(Q) + C.o 20" "
Then standard iteration yields

w(0) < Co0*™¢ Ve > 0.

We have observed above that f — ¢, is Ilarmonic, in particular smooth,
hence f € W?2(B%(0)) and Af = ¢*H almost everywhere in B3(0)
by (5.1.8). Then by Friedrich’s theorem, see [GT, Theorem 8.8], and
(5.1.7) for appropriate affine /5,

[ s ac<c [1arpacece™ [ 1r-htact < cot.
B3(0) B, () B3, )
Recalling A;; = (9;; f)* is the normal projection, we get
I All28,00)= C.o'™",
and by interior estimates Theorem 3.3.1
I Allzoop,0n<Co ' Il A 228,500 = Ce0 ™",

which is (5.1.4).
(5.1.4), (5.1.5) and (5.1.8) imply |Af(¥)| < C¢ly|"*foralle > O,
hence Af € LP(BIQ(O)) foralll < p < oo and f € Wz’p(Blz(O)) —



76

C'1=¢(B2(0)). As the pull-back metric f*geye = €% geuc, u € L™, does
not degenerate in 0, we see that D f(0) has full rank, and f : 812(0) —
Y U {0} isa CM!'“*-immersion and ¥ U {0} isa C!!~*-embedded
surface at 0 for all ¢ > 0, concluding the proof. O

Remarks 5.1.

1. The above lemma cannot be improved to get C'!-regularity. Indeed,
the inverted catenoid is a Willmore surface as it is an inversion of a
minimal surface. Like the catenoid, it has square integrable second
fundamental form. It admits the parametrisation

cosht t

t,0)= ——— 0,sinf,0) £ ——
A cosh(z)? + 12 (cosf, sin6, 0) cosh(z)? + 2 ¢

3

and consists of two graphs near 0 which correspond to +¢ > 0.
Therefore each of these graphs satisfy the assumptions of lemma near
0. Writing r = /x2 + y2 = cosht/(cosh(¢)? + %), we see

=+t

() = cosh(t)? + 12

1
~ :I:rzlog—,
,

hence these graphs are not C!*! near 0.
2. Riviere has extended the above lemma to any codimension, see [Ri08].

5.2 Power-decay

Lemma 5.2.1 (Power-decay-Lemma [KuSch04, Lemma 2.1]). Let v €
C>®(RQ), Q= BIZ(O) — {0} S R?, A be measurable on Q satisfying

AV < [A]? v in €, (5.2.1)
lv| < ClA] inQ, (5.2.2)
I Allcepy<Co ' Il Allas,) Jor By SR, (5.2.3)
/|A|2 < 0. (5.2.4)
Q

Then Ye>0:3C, <00: VO0<p<1:

/ lv]?> < C.0”¢. (5.2.5)
By (0)
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Remark 5.1. From (5.2.1) - (5.2.4), we can conclude

Av+qv =0 in B}(0)— {0},

5.2.6
lv|?q(y) = 0 fory — 0. ( )

In [Sim96] equations with this asymptotics were investigated, and Lemma
1.4 in [Sim96] yields

-1 k+ -1
o v ||L2(BQ(0)—BQ/2(0)) = 0(o )= o v ||L2(BQ(0)—BQ/2(0))
— O(Qk+l—8)

forall k € Z, & > 0. From (5.2.2) we only get v(y) = o(|y|™")
which does not suffice to obtain the conclusion (5.2.5) from (5.2.6) as the
example

1
v(y) = v(r(cos g, sing)) = Wcosw

shows. For the proof of the Power-decay-Lemma it is decisive to observe

that
1/2

/ sup |g(y)|o do < o0

lyl=o
0

by (5.2.3) and (5.2.4).

5.3 Higher regularity for point singularities

Let ¥ be an open surface and f; : ¥ — R" be a smooth family of
immersions with

O fili=o=V =N+ Df§

where N € NX¥ isnormaland & € TY is tangential. The first variation
of the Willmore integrand was calculated for normal variations V = N
in (1.3.5) to be

l* 2 _ 1 0 I
0 4IHf,I py)==(A"V+ QA" H)u,

(ATH + Q(AYH, N)u (5.3.1)

1 .. > >
S8V (VN H) = (N, VD )

+ NI=—=
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For tangential variations V = Df.&, we consider the flow ¢, of &, that
is ¢9 = idyx, 0,¢; = & o ¢, and calculate for r =0

a(1|ﬁ & )—a(1|ﬁ Pt sen)
z4 il Mf ) = 0 1 Fopi | M foip,
1 g 2 %
= 0,(;Ho o ¢u))
1 -
= o,(; o412 VoisL?)
1 . - 1 =
= Zé’aiIHFu i+ Z'H'2 v big L.

Here ¢7gij = (gu o ¢1)0:¢,0;¢! and putting g, ;; = gudrd;¢!, we
calculate

. 1 .
0r v/ b'g = v god + 8,g,/(2\/5) = 5lai\/§+ Eazgt,ijglj\/g
= §0;\/g + gudE 88" /g = §'9,Vg + 3,58 =8,(5'V8).
Together we get
1o 5 [ 2
o (518, Puy ) = 0, (S IHPE V)L
Observing
ik _ Loy 1 1
&1 = 28 (0igji+0;8i —018ij) = 728 081 = Eajg/g = 3;V/8/V8

we calculate for any tangential n that

Vin' =8, Vin* = ' + 8, Tkn’ = oini +1'0,/8/ /8 = —gai(ﬂl«/?)

\/_
and get
I - 5 1 -
3;<Z|Hf,| lLf,) = Vi(Z|H| & >lLf- (5.3.2)
Moreover for n with compact support in X
/ Vin'voly = f 3 (n'\/g)dL* = 0. (5.3.3)
b b

Abbreviating

1 | I
o= 5<v]+zv, H) — Z(N, ViH) + ZIlegjkék, (5.3.4)
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we get combining (5.3.1) and (5.3.2)
| - - . )
al(Z|Hf,|2Mf,) = S(ATH+ QUL Nty +87Vi0; 1y (5.35)

Now we consider the 1-form oy := o jdxf on ¥ and its hodge wy :=
xoy with respect to g. By Stokes theorem and (5.3.3), we calculate for
any ¢ € Cj(X)

/Wda)v =—/ dyr A xoy =—/(dw,av)volg
z )y z
= —fgijaiw Oj VOlg :/wgijViO'J'VOIg,
z z

hence -
da)v = g”V,-aj VOlg

and by (5.3.5)
1 2 1 T (N
8’<Z|H| du) = E(AgH + Q(AHH, V) du + dwy . (5.3.6)
Proposition 5.3.1. If f : ¥ — R" is Willmore and V = const € R"

then wy is a closed I-formon X.

Proof. We obtain for any open Q2 C X

d 1 - ’
0= E at<Z|Hf+tV| Mf+zv> = doy,
Q Q

hence wy isclosedon X. O

Lemma 5.3.1. Let ¥ C R" be an open embedded C'*-surface, 0 <
a < 1,with 0 e X, % — {0} asmooth Willmore surface and

|A(x)] < C.lx|™* Ve > 0. (5.3.7)

Then we have the expansion

-

Hox
|x|?

T

H(x) = Holog x| + C%*, V' H(x) = +O0(x|*™ (5.3.8)

for some ﬁo € NoX C R" which we call the residue
Ress (0) := H,
of X atO.



80

The residue can be calculated with the use of the closed 1-form wy
on X — {0} forany V € R" by

/ wy — —m(V,Resg(0)) foro — 0, (5.3.9)
9%,

where %, := B,(0) N X.
If Ress(0) =0 then X is a smooth Willmore surface.

Proof. Since the induced metric is C%%, we can choose by standard el-

liptic theory a local conformal C!*-parametrization f : B#(0) =5
around 0 = f(0) with conformal factor |9; f|*> =: ¢** and Df(0) =
i:R?> < R

Since ¥ — {0} is Willmore, we get the Euler-Lagrange equation
(1.3.10) which reads in local conformal coordinates

AH = —¢* Q(A")H € L”(B}(0)) Vp < oo.

By standard elliptic theory there exists a solution ¢ € W*?(B%(0)) —
C'*(B{(0))

Ap = —e"Q(AYH in BX0), ¢ =0 ondB©0). (53.10)

We see that H — ¢ is harmonic in BIZ(O) — {0}, and, as Iﬁ(y) —p(y)| <
C¢|y|~¢, the only singular contribution can be a logarithm, hence

H(y) = Hy log |y| + C.*

loc

for some Ho € R”. Since H(y) € NX (), we see

0= lim{3: /), H)/ log|y| = {3 /(0), Ho),
hence flo € NX. Differentiating, we get

VH(y) =

Recalling that f € C'* and Df(0) =i : R> < R” hence x = f(y) =
y + O(|y|'"™), we arrive at (5.3.8).

When the residue Ho vanishes, we see that H - ¢ is harmonic in
BZ(O) hence H e C (BZ(O)) In general, we see from the equation

loc

Af =e¢™H weakly in B2(0)
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and f e CL*(B2(0)),e* = |3 fI> that H € C5% k > 0 implies
f ek and A = V2f e Cl/;s‘ This in turn yields ¢ € CLI**

loc loc
and H € C{:CLZ’“. Then the bootstrap proceeds proving that f and X are
smooth.

Finally, we calculate the residue with the help of wy. For 0 < p <« 1
small, we see that X, := B,(0) N ¥ is a disc whose boundary 0%, =
0B,(0) N X is a smooth curve converging when rescaled to a planar
circleas ¥ € C'%. More precisely, we get for the unit outward normal
at 0%,in ¥

ne(x) = |—| + O(|x]"). (5.3.11)

As xn, is the positive oriented tangent of 9%, we see

/a)v_ / wy (xn,) dH' /(*wv)(ng) dH' = /Gv(ng) dH'.

9%,

Decomposing V =: N+&, N € NX,§ € TX, in normal and tangential
components, we calculate by the definition (5.3.4)

S .1
ov(ng)=ojng)=§<v;gzv,n> S, vL H) + —|H| *gjnlg".

Using (5.3.7), we estimate

1 - .
‘ / Z|H|2gjkn£§k dH'| < CoC,0™¢ — 0,
3%,
and
(VAN H)| = (Vi (V — &), H)| = [(A(. np). H)| < Ceo™,
hence |
)/E(VZN,I% dH1’ 0.
3%,
From (5.3.7), (5.3.8) and (5.3.11), we obtain
T

. v’t)ﬁ):<N (H0W+0(le“’l))(| R ))M

<Nmﬁ+mwb
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hence |
/ SN, V,.H) dH' — 7(V, Hy),
9%,
and (5.3.9) follows. O
Lemma 5.3.2. Let X be an open embedded Willmore surface in R>
with o
DI :{p1,...,pN}
0%*(H2LE, pr) < 2, (5.3.12)
/|A>;|2 dH? < oo. (5.3.13)
z

Then ¥ = X U{py,..., pi} is C“*-embedded with unit-density near

pr and
N

Resg(pr) =0, (5.3.14)
k=1
where the Residue Ress is defined in Lemma 5.3.1.
In particular, if N = 1 then X is a smooth, embedded Willmore
surface.

Proof. By Lemma 5.1.1 ¥ isa C!“-embedded, unit-density surface
satisfying (5.3.7) near py, and the residue of ¥ at p; is well defined.
Putting

Q=% —UL B,(px) €X

and X,(px) := By(pr)NXE for small ¢ > 0, we obtain for any V € R”
and the associated closed 1-form wy on ¥ in (5.3.4) that

N N
0= / doy ==Y / wy = 7V, Y Ress(py),
k=1

k=1
Q, 8%, (pr)

hence
N
Ress(pr) =0,
k=1
as V is arbitrary. o
When N = 1, this means Resyz(p;) = 0, and X is a smooth,
embedded Willmore surface according to Lemma 5.3.1. ]

Remark 5.2. By Riviere’s result in [Ri08], the above lemma holds in any
codimension.
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5.4 Applications

In the following applications, we will strongly use Bryant’s result in
[Bry82] that Willmore spheres M? C R* which are not round spheres
satisfy

W(M?) > 167. (5.4.1)

A more elementary proof of [Bry82] Theorem E can be found in [Es88]
§6 Proposition. When combined with a theorem of Osserman [Os69]
Theorem 9.2, one obtains the estimate slightly weaker than (5.4.1) that
Willmore spheres M? € R* which are not round spheres satisfy

W(M?) > 87.

Actually, this estimate suffices for all applications in this section, except
that we have to assume the strict inequality

W(fo) < 8w
in (5.4.3) below.

Proposition 5.4.1. Let f : ¥ — R be a Willmore flow of a closed
surface ¥ with

W(fo) < 8.

Then non-compact limits under the blow up procedure in Section 3.3 are
connected, smooth, after inversion, and are never spheres, in case they
are non-trivial.

Proof. If fy is Willmore then the flow is constant and all limits are the
initial surface itself up to translation, which are all compact. If f; is not
Willmore then the flow is not stationary, hence W(f;) < 8 fort > 0
and when considering the flow f;, for some 7 > 0, we may assume
that

W(f;) < 8m — § for some § > 0.

Let f*:X*® — R? be alimit under the blow up procedure of Section
3.3, which is a smooth, proper Willmore immersion, for example

Fri= ey gt =) = %

smoothly after reparametrization on compact subsets of R3. Clearly
fj(l/ij) — [P(usx) = no weakly as Radon measures and by
(2.1.24) that
1
HFTH0) = 0% (oo, ) = 0% (oo, 00) + W)

1 4
<liminf —W(f’) <2 —-48/(4n) < 2.
j—oo 4
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We conclude that f> is an embedding, that £ := f®(X®) C R3
is a smooth embedded Willmore surface, and that X°° is connected by
Proposition 2.1.4 (2.1.22).

We select xo ¢ £, hence Bg-1(,,, N X> = ) for some R < o0

and consider the inversion 7(x) := |x — x| 2(x — xo). Then 3% =
1(X°°) C Bg(0) — {0} is a smooth Willmore surface. We address the
question of smoothness of X* at infinity, or more precisely whether
% is smooth at 0. By above

02 (HALE,0) = 02(HAL 2™, 00) < 2. (5.4.2)

Clearly, 0 € Ag if and only if X° is non-compact. By smooth
convergence f/:=1o f/ — £ in compact subsets of R? — {0} and
(1.1.9), we get

f|A§m|2 defliminf/|Af,|2 dpf,
j—o0
$00 )
= 1i_minf4W(fj) —4rx(2) <4m (8 — x (X)) < o0.
J—00

By (5.4.2), smo_othness of ﬁ—oo follows from Lemma 5.3.2.

Finally, if $% isa sphere, it is a Willmore sphere with energy
W(E®) < liminf W(f’) < 87 — 6,
j—oo

hence by Bryant’s result (5.4.1) in [Bry82] it has to be a round sphere.
Then X* is a plane or a round sphere. As we have assumed that X
is not compact, it has to be a plane, and [ is trivial. O

Theorem 5.4.1 ((KuSch04, Theorem 5.2]). Let f, : S* — R> be the
Willmore flow of a sphere with

W(fy) < 8. (5.4.3)

Then f, exists globally in time and converges for t — oo to a round
sphere.

Proof. If W(fy) = 8m, then fy is not Willmore according to Bryant’s
result (5.4.1) in [Bry82]. Therefore the flow is not stationary, hence
W(f;) < 8m fort > 0 and when considering the flow f;, for some 7 >
0, we may assume that W(f;) < 8w — § for some § > 0.
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By Proposition 3.A.1 there exists a non-trivial limit under the blow up
procedure

. _1 3
f= i (e o ~ yi;) = f°  smoothly on compact subsets of R”.

When this limit is non-compact, then by the previous Proposition 5.4.1,
appropriate inversions pIL I (f(X*))U{0} are smooth closed Will-
more surfaces, which are no spheres. On the other hand by elementary
arguments, one has the lower semi-continuity of the genus

genus(f]oo) < liminf genus f;(S?) = 0,
j—o0

which is a contradiction.

Therefore the limit > is compact. Then the convergence f/ — f*
is smooth, hence £® = §2 and f*(X) is a smooth Willmore sphere
with energy less than 8m. By Bryant’s result (5.4.1) in [Bry82], it has to
be a round sphere, and we conclude further by smooth convergence that

W(fijsepat) = W) = W) = 4,

hence by Theorem 3.4.1 the flow f; exists globally in time and converges
for + — 0o to a round sphere. O

Remarks 5.2.

1. As already remarked in Section 3.3, blow ups and blow downs are
never compact by [ChFaSch09]. The last argument in the above proof
excludes even without this result that blow ups or blow downs are
compact spheres. Therefore supplementing Proposition 5.4.1 we have
that blow ups and blow downs are never spheres in codimension one.

2. In codimension 2, Montiel has proved in [Mo0O] that Willmore
spheres M? C R* which are not round spheres satisfy

W(M?) > 87.

Combining this result with Riviere’s result in [Ri08] the above appli-
cations are true in R*, when in Proposition 5.4.1 and in Theorem 5.4.1
(5.4.3) the strict inequality

W(fo) <8rm

is assumed.
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6 Compactness modulo the Mobius group
6.1 Non-compact invariance group

As we have seen in Proposition 1.2.3, the Willmore functional is invari-
ant under conformal changes of the ambient space, that is under the full
Mobius group, hence has a non-compact invariance group. In particular
this means, the Willmore functional cannot be minimized by the direct
method of calculus of variations. For if f were already a minimizer, a
global one or under certain conformal invariant constraints, e.g. under
fixed genus, then for a non-compact sequence of Mobius transformations
®; the sequence ®;o f were a minimizing, but non-compact sequence.

In this part we address the question of compactness after dividing out
the Mobius group. We consider the following approach. Let f : ¥ — R”
be a smooth immersion of a closed, orientable surface ¥ and g = f*geuc
the pull-back metric of the Euclidean metric under f. Then by Poincaré’s
theorem or the uniformisation theorem for simply connected Riemann
surfaces, see [FaKr, Theorem IV.4.1], there exists a metric gpoin =
e g on ¥ conformal to g with constant curvature K gpoin = coNst and
unit volume vol(gpoin) = 1. If ¥ # S? or likewise genus(X) > 1, then
8poin and u are unique. Our aim is to estimate u, and again this is not
possible in presence of the non-compact invariance group.

In the above picture, we deform a torus via a Mobius transformation @ in
a sphere with a small handle. This does not change the Willmore energy,
and the new pull-back metric g := (P o f)*geuc = [ P*geyc is conformal
to g = f*geuc, as the Mobius transformation is a conformal transforma-
tion of Euclidean space R". Therefore g is conformal to gpoin = e g,
When the handle is getting smaller, the image approaches a sphere, and
the conformal factor u# degenerates.

The following theorem is the main result in this section.

Theorem 6.1.1 ((KuSch11, Theorem 4.1]). Let f : T> — R? bea
smooth immersion of a torus with Willmore energy

W(f) < 8 — 6.
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Then there exists a Mobius transformation ® such that

(o f)*geuc = ezugpoin

with gpoin 0f constant curvature and unit volume and

| ullpex)< Cs.

Remarks 6.1.

L.

More precisely [KuSch11, Theorem 4.1] states for a smooth immer-
sion f : ¥ — R", n = 3,4, of a closed, orientable surface ¥ of
genus p > 1 and with Willmore energy

W(f) S Wn,p - 5’
where

8,
W, ,:=min |47 +Z(.3;k —d4m) for ), pr=p, 1 < pr < p,
k

B+ forn = 4,
and
,8; =inf{W(f)| f:Z — R", genus(X) = p, X orientable },
there exists a Mobius transformation & such that
(® 0 f)*geue = € Epoin
with gpoin constant curvature and unit volume and
I u o)< Cps-

8 in the above minimium is necessary. To this end, we consider two
concentric spheres

and connect them by p 4 1 necks. This gives an orientable surface
of genus p and with Willmore energy 8m + ¢. Making ¢ arbitrarily
small and letting the surface converge to a double sphere, the confor-
mal factor degenerates even after applying Mobius tranformations, as
Mobius transformations can enlarge at most one neck.



89

3. In [BaKu03] the strict inequality

B —dm < (B —4m) for D pi=p l<po<p
k k

was proved, which shows that the second condition above is non-
empty. On the other hand, glueing together orientable surfaces of
genus p; which nearly minimize the Willmore energy to an ori-
entable surface of genus p = ), px appropriately shows that with-
out the second condition above the conformal factor degenerates even
after applying Mobius tranformations.

4. If By = 6w forl <qg <p,n=3and < p,n=4,then W, , = 8.
In particular W5, = 8m. We observe the Willmore conjecture states
W(T?) > 27?% > 6.

5. Combining the above theorem with Mumford’s compactness theorem,
see [Tr, Theorem C.1], one obtains that the conformal class induced
by immersions f : X — R*,n = 3,4,genus(¥) = p > 1, X
orientable and Willmore energy W(f) < W, , — are compactly
contained in the moduli space.

As a conclusion we obtain that a torus 72 € R* which is conformally
equivalent to a quotient C/(Z + wZ),w =x +iy ¢ R, and y > ys,
satisfies

W(T?) > 81 — 6,
in particular cannot compete for the Willmore conjecture.

6. For an immersion f : ¥ — R”, n = 3,4 of aclosed, orientable sur-
face ¥ of genus p > 1, conformal to a given smooth metric gy on X
and with Willmore energy W(f) < W, , — &, there exists a Mobius
transformation @ such that

(0 f)*geue = € Gpoin
with gpoin constant curvature and unit volume and
| ullpes)< Cps.
Obviously gpoin ~ go are conformal and therefore gpoin is uniquely
determined by gy and independent of f. Writing in local conformal

coordinates

Agon(@ 0 f) = €™ Ag(® o f) = > Hy,
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where the right-hand side is uniformally bounded in L?, as W, , <
8, we get after an appropriate translation

| o f llw22s)=< C(p,3d, &),

and moreover
co,ps <area(®o f) <Cp;.
6.2 Selection of the Mobius transformation

In this section, we specify the selection of the Mobius transformation in
Theorem 6.1.1.

Lemma 6.2.1. Let f : ¥ — R" be an immersion of a closed surface
with

£ [ 1P dus < £
D)

Then there exists a Mobius transformation ® such that
(®o /) (X) € Bi1(0),
/ |A°*du; < E/2  forall B,, CR"

By,

where oo = 0o(n, Ey) > 0.
Proof. Clearly, we may assume E > 0. After translation and rescaling,

we may assume

/|AO|2 duy < E/2 forall B CR",

B

(6.2.1)
[ 14 s = 12
B1(0)
Our aim is to select a point xy € R" satisfying
Bi(xo) N f(X) =0, (6.2.2)

|xo| < C(n, Eyp).

By Gauf3-Bonnet’s theorem in (1.1.9)

/|A|2 di s W) < C(Ey).
>
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hence by (2.1.15)
0’y (By) < CW(f) < C(Ey) VB, CR"
and by Proposition 2.1.2 (2.1.20)
wr(Bi(x)) = co(Eg) >0 Vx € f(%),

when observing that f(X) & By, as [, |A°Pduy < E/2 < E =
fz |A°|? dp s by (6.2.1).

For R < oo large chosen below, we select a maximal pairwise disjoint
family of balls By(x;) € Bg(0),j = 1,...,N. Clearly B(0) C
Uy:184(xj), hence N > R"/4". As u;(Br(0)) < C(Ey)R?> from
above and n > 2, we can choose R = R(n, Ey) large such that N >
R"/4" > C(Eo)R?/co(Ey), hence

wr(Ba(x;)) < co(Eg) for some j.

Then clearly Bi(x;) N f(X) =¥, |xj| < R = R(n, Ey), and we obtain
(6.2.2) for xo := x;.
Translating f by — xp, we see

Bi(0)N f(2) =,
|A°F duy > EJ2,
Bi(—x0)

hence, as |xo| < C(n, Ey),

AP dy < E/2.

R —Bc(n, E) (0)

Moreover we keep by (6.2.1) that

/ |A°*du; < E/2 forall By CR".

By
Now we invert at the unit sphere that is we consider the Mobius trans-
formation ®(x) := x/|x|?andput f := ® o f. Clearly f(X) =
®(F (X)) € B;i(0). By conformal invariance of the Willmore functional
in Proposition 1.2.1 (1.2.3), we see for any Borel set B € R" U {00}

/|A‘}|2duf: / |A(}|2d,uf~.
B ®(B)
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Putting r :=1/(2C(n, Ey)), we see for any ball B, with B, N B,(0) #
#,0 <r that

/|A‘}|2 duj < / AT duy = / |AY)? duy < E/2.
B, B, (0) R"—Bcn, ) (0)

On the other hand, we see for B, N B.(0) = that |[V®| < r~2on B,,
hence ®(B,) C 39,72 and for o < r?

/|A(}|2dﬂf§ / | AGI? dpe s S/IA‘}IZde < E/2.
B, B

®(B,) B
Now the conculsion follows for og(n, Eg) :=r? < 1. ]

6.3 Proof of the compactness theorem

Here we give a proof of Theorem 6.1.1:

We consider an embedded torus 72 € R? with Willmore energy W(T?) <
8w —§ as in Theorem 6.1.1. We can assume embeddedness by Proposition
2.1.1. By GauB-Bonnet’s theorem in (1.1.9)

1
/ | AL 1P dH? = 3 / |Ap2|* dH? = 2W(T?) < 16m.
72 T2

Thus by the selection principle Lemma 6.2.1, we can assume after apply-
ing a suitable Mobius transformation that

T? C By (0),

1
0 |2 2 0 |2 2 2
[1agpae < [1aneae=wad oy
By, T2
<8t -8 VB, CR’
where g > 0. We cover
T° - U]f:]BQ/4(xk)

with

|A]> dH?LT? < &2 (6.3.2)

By (x3)—Bey (5)0 (Xk)

for ¢ small enough, and we may assume that ¢ < gy. Actually, we had to
consider a sequence and do this cover uniformly that K < A, o > At
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and then estimate the exponent of the conformal factor in terms of A,
which we will do here for a single T2.

By the graphical decomposition lemma [Sim, Lemma 2.1] for ¢ small
enough there exists o/2 < o; < 30/4 such that

72N 0By, (xx) is a single closed curve.

This is only one curve, since W(T'?) < 87 —3§ and choosing cy(8) small
enough, when adapting the Li-Yau inequality (2.1.17). We further claim

T’ N Bg, (x) is a disc. (6.3.3)

Indeed by GauB3-Bonnet’s theorem

—2rx(T* N B, (x)) = — / K dH? — / Kg dH!,

TanGk (xx) T2maBJk (xx)

where «k, denots the geodesic curvature.

Actually by the graphical decomposition lemma [Sim, Lemma 2.1] the
radius o can be choosen such that T2 N 3B, (x;) is close to a circle,
in particular

/ kg dH' =27 + O(&?). (6.3.4)

7201 B (x¢)

Observing —K < |A°?/2 by (1.1.6), we continue with (6.3.1)

1
_27TX(T2 N BUk (xp) < 5 / |AO|2 de 27+ Ce?

T20Bgy (xk)

<2m —8/24Ce* <2n
for Ce? < 8/2, hence
X(T* N By, (x)) > —1,

hence x(T*N B, (x¢)) = 1, and we get (6.3.3).
Then by Gauf3-Bonnet’s theorem and (6.3.4)

/ K dH* = 27 x(T? N By, (x3)) — / kg dH' = O(&?).

T20By (k) 7203 By, (x1)
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By (1.1.2) and (1.1.7), we get by (6.3.1)

/ |K|dH2§% / |A|? dH?

T2N By, (xx) 72N By, (xk)
= / |A° )2 dH? + / K dH?
720 B, (xk) T2N By (xk)

<8r —8+Ce> <81 —4/2

for Ce? < §/2.
By (6.3.1) and since TN 0By, (xx) is close to a circle, we can extend
T? N B, (x;) to aplane ¥; € R3 = R?, such that

Xk N By (x) = T N Byja(xp),
i — B,y (xy) is a plane minus a ball,

/|K| dH? < 87 —§/4,
Zk

/|A|2 dH? < 16m.

Zk

Then by uniformisation theorem for simply connected Riemann surfaces,
see [FaKr, Theorem IV.4.1], or more precisely by Huber’s theorem, see
[Hu57] or Theorem 4.C.1, there is a conformal diffeomorphism f; :

R? — ¥, say gk := Zeuc| Xk and fk*(e‘Z”kgk) = geuc, that is e‘zukgk
is isometric to an Euclidean metric on R?. By Theorem 4.1.1 after sub-
tracting a suitable constant

- Agkuk = ng on Zk,

I s Neoecso f Dusl?, djag, < C / AR &1 < Gy,
py Sk

Writing g = SewelT?, wesee g = g inT? N By (xx) and
— Aquy =K, on TN Byp(xp),

2
it oo | 1Dl ditg < Co

T20 By (x1)



95

Now we write by Poincaré’s theorem g = e*" &poin With gpoin  Of con-
stant curvature and unit volume. As we are on a torus, we get by Gaul3-
Bonnet’s theorem that K, .~ = Oand — A,u = K, by elementary
differential geometry. We calculate for A € u(T?)

1
/|Du|§ dug :/Kg(u —x)du, < 5f|AT2|2c1H2 0sc u
T2 T2 T2

= 2W(T?) osc u < 167 osc u.

From above we have seen that e 2 g = e~k g; is isometric to an
Euclidean metric in 72 N Byja(xi). As |ug| < Cs, we see for co(d)
small and any z € T2 N By,s(x) C Ty that the respective Euclidean

Ball B .0 S T? N B,y (xi). By Poincaré’s inequaliy there exists

A; € R such that

-1
(co0)™ [l u—2; ||L2(Bc0g(z)) <C | Du ”LZ(B(.OQ(z))
= GCs |l [Dulg llz2(r2 1) < Csv/0SC Ut

By graphical decomposition lemma [Sim, Lemma 2.1] there exists
50/16 < o] < 30/8 such that T2 N B,/ (xy) is adisc. Now we select a

maximal subset zi, ...,z € T*N By (x;) with Bfog/4(zi)ﬂBfog/4(zj) =
Qfori # j. Clearly T?N Bglg (xx) C Ujj':lB?Ug/z(Zj)’ hence by Proposi-
tion 2.1.2 (2.1.20)

H*(T? N B, ,,(2)) = H(T? N Beyo(z)) = cocio’ /W(T?) = coo’

0

by (2.1.15) and pairwise disjointness

coJo® < H* (UL, T* N B, ,(z))) < HX(T* N Bya(xi)) < CW(TH@’

and
J < Cs.

Now if B2, ,(zi) N B2, ,(z;) # ¥, then

L£*(B?

e

(zi) N B2 ,(z))) = com@”,

and we calculate from above

-1
hey = eyl = (00 ™ (= Ay e + 1 = ey Nizesgoic )
< Cs+/0sc u.
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As T?N Bg/ (x) is connected and covered by the Bfo o2(Zi), we find for
k

i,j achain B? ,(z,),v=1,...,Nwith N < J < C; and such that
neighbouring discs intersect. Thus

Az — Azl < Csfoscu Vi, j.
Therefore there exists A; € R such that
-1
I — Ak Il 22720Bsg i) = Csn/0SC U

Now if z € T?N BQ/4(Xk) N 89/4()61) % (), then BQ/]é(Z) - 359/16()@() N
Bs,/16(x;) and by Proposition 2.1.2 (2.1.20)

HA(T? N Byya(xx) N Bya(x1)) > H*(T?* N Byi6(2)) > co0?

and

-1
[Ar — Al <0 ( | u— Ak ||L2(TZOBSQ/16(xk)) + 1l u—2 ”L2(TZOB5Q/15(XI))>

<Cgss/osc u.

By connectedness of 72 C UK Bya(xy), we see

M — M| < CsKaJoscu Vk, I,

and there exists A € R such that

=l < Z( I = 2t 2ot +C 1 — )
< CsK+/osc u.

Recalling o > ALK < A, we get

lu—2 |22 < C(A, 8)/osc u.

From above we see that u — u is harmonic with respect to g in 72 N
B, 2(xx), hence also harmonic with respect to Euclidean metric e kg,
We choose zg € T? with u(zg) = minu =: m. Thenzy € T> N BQ/4(xk)
for some k and as above we consider the Euclidean ball BCO o) S T’ N

B2 (xy). Clearly u —uy—m+Cs > 01in >N B,>(x;) and by Harnack
inequality

sup (u—uy—m+Cs) <C inf (u—u—m+Cs) <Cs
B2coo(z0) B2¢o0(20)
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and
u—m<C;s in Bczog(zo).

As L*(B?

o 0(20)) = co0?, we get

h=m=Co™ | A —u+Cs 22 o
< CA [l u—n |22 +Cs < C(A,8)(1 + Voscu).
Likewise, we obtain for M := max u that
M — ) < C(A, 8)(1 + osc u).
Putting together yields
oscu =M—m < C(A, 8)(1 + Josc u),

hence oscu < C(A, d).
We conclude from (6.3.1) that

00 < diam 72 < 2,
hence by Proposition 2.1.3 (2.1.21)

co <HXT? <C.

H*(T?) = vol(g) = vol(e* gpoin) = f ™ dvolg,,
T2

and vol(gpoin) = 1, we see

hence —C < M, m < C. By the estimate above

M=m+oscu <C+C(A,d) <C(A,9I),
m=M-—oscu>—-C—C(A,d >—-C(A,)I),

which finally yields
Il u llpooir2y< C(A, 6),

and the theorem is proved.



98

References

[BaKu03]

[FaKr]

[KuSch11]

[MuSv95]

[Tr]

[Sim]

M. BAUER and E. KUWERT, Existence of Minimizing Will-
more Surfaces of Prescribed Genus, IMRN Intern. Math.
Res. Notes, 10 (2003), 553-576.

H. M. FARKAS and I. KRA, “Riemann Surfaces”, Springer
Verlag, Berlin - Heidelberg - New York, 1991.

E. KUWERT and R.SCHATZLE, Closed surfaces with bounds
on their Willmore energy, to appear in Annali della Scuola
Normale Superiore di Pisa, arXiv:math.DG/1009.5286.

S. MULLER and V. SVERAK, On surfaces of finite total cur-
vature, Journal of Differential Geometry, 42 (1995), 229-
258.

A. TROMBA, “Teichmiiller Theory in Riemannian Geome-
try”, Birkhéuser, 1992.

L. SIMON, “Lectures on Geometric Measure Theory”, Pro-
ceedings of the Centre for Mathematical Analysis Australian
National University, Vol. 3, 1983.



99

7 Minimizers of the Willmore functional
under fixed conformal class
7.1 Constrained Willmore surfaces

In [LY82] respectively in [MoR086], it was proved that a torus T? CR"
which is conformally equivalent to a quotient C/(Z+wZ), w = x+iy ¢
R, satisfies

2 2
w(r?) = =,
y
respectively satisfies
4712y
W(T?) >
(M= 1+ y2+x2—x

Recalling that the Clifford torus Tcyg = C/(Z + iZ) is of square type,
we see that any T? = Teyg satisfies

W(T?) > 21 = W(Tci),

and the Clifford torus minimizes the Willmore energy in its conformal

class. This is the only explicit minimizer of this type known to us.
Considering the Willmore energy for closed, orientable surfaces of

fixed conformal class, the Euler Lagrange equation (1.3.10) extends to

AYH+ Q(AYH = g% g/ Alqyy on =, (7.1.1)
where ¢ is symmetric, traceless, transverse that is

qu —CIjz,
treqg = gYqi; =0,
divegr = g7 Vigjx = 0.

We call immersions into R"” or $” which satisfy (7.1.1) for some ¢
constrained Willmore immersions.
We embed the Clifford torus in the family

T, :=rS' xy/1—-r28' 8% 0<r<1/V2,

as clearly T, NI = Tcoirr. These are constant mean curvature surfaces
in codimension 1, hence by the next proposition constrained Willmore
surfaces.

Proposition 7.1.1. Let f: ¥ — R3or Si be a constant mean curva-
ture immersion of a surface X, thatis |Hy;| = const. Then f isa
conformally constrained Willmore immersion.
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Proof. First we consider a constant mean curvature immersion f : ¥ —
M into any 3-dimensional manifold M. From |H| = const, we see

0= V[H]?=2(V'H H).

If |ﬁ| = 0, then H spans N¥X € TM in codimension 1, and we con-
clude that the normal derivative vanishes

V+H = 0. (7.1.2)

In case |ﬁ| = 0, this is immediate. Then by the equation of Mainardi-
Codazzi

gIVEAY = gV Ay - g"f'vf(%gjkﬁ) - %vklﬁ —0. (7.13)
Nowlet v : ¥ — NX € TM locally be a smooth unit normal field
at X in M. As |v| = 1, the derivative of Dv of v is orthogonal to v,
that is Dv L v. Since we are in codimension 1, this means that Dv
is tangential at ¥ or likewise that the normal derivative Vv = 0
vanishes.

Defining the scalar mean curvature as H := ﬁv, we see by (7.1.2)

0=V'H= (VH)v,
hence VH = 0, and the normal laplacian satisfies
0=AH=(A,H)v. (7.1.4)

Putting Ay, := (A}, v), we see likewise by (7.1.3)

0= g"V+AY = (g7 Vi,

hence g/ V,-h(]).k = 0. This means that the divergence of h° vanishes,
and, as h° is tracefree and symmetric, we obtain that h° is transverse
traceless symmetric with repsect to g. Recalling VH = 0, we see that
qr = (Ag,, H) = hg,H is transverse traceless symmetric too.
We continue by (7.1.4)
AH + Q(AOH = g g/ AY (A}, H) = g™ g/ Al qu.

For M = R3respectively S, this is (7.1.1), and f is a conformally
constrained Willmore immersion. O
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T, are of rectangular type

T, = C/(Z x i(\1 = r2/r)Z)

and clearly

1 )
W(T,) = ZArea(TrNHTAZ

1
=nry1—r2 (1+‘——
,

1

=)
— )~ - > o0.

1 —r2 r

On the other hand, the construction in Remark 2. after Theorem 6.1.1
for p =1 and choosing the necks antipodal in order to get a rotational
symmetric torus yields a torus a degenerate rectangular type of Willmore

energy 8w 4 &. Therefore for small r, the tori 7, do not minimize the
Willmore energy in their conformal classes and are only critical points.

7.2 Existence of constrained minimizers

The main goal of this part is the following existence theorem for con-
strained minimizers.

Theorem 7.2.1 ((KuSch07, Theorem 7.3]). Let ¥ be a closed Riemann
surface of genus p > 1 with conformal metric gy and n =3,4. If

W(X,go,n) :=inf{W(f) | f:X — R"immersion conformal to go} <W, ,,

where W, , is defined in Remark 1. after Theorem 6.1.1, then there
exists a smooth minimizing immersion f : % — R" conformal to g

W(f) = WI(Z, g, n).

Proof. Firstly to start with the direct method of calculus of variations, we
select a minimizing sequence of conformal immersions f,, : (X, go) —
R" that is

W(fn) = W(Z, go, n).
By assumption we may assume for large m that W(f,) < W, , —

8 for some § > 0. By Theorem 6.1.1 remark 6. there exist Mobius trans-
formations ®,, with

€0,p,580 < (P 0 fin)*geue < Cp 580,
| @m0 fun llw22z)< C(p, 34, 8o)-
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Clearly ®,, o f,, is still minimizing and replacing f,, by ®,, o f,, and
passing to a subsequence

fm — f weakly in W2’2(2),
€0,p.580 < J*&euc < Cp 580,

and £ geue = [ geuc strongly in L?(X), in particular f*ge,. is confor-
mal to go.

The remaining question is the smoothness of f. The standard method
would be to consider variations f + ¢V and to do energy comparison.
Now f + ¢tV is in general not conformal to gy, anymore, and the
energy comparison is not immediately possible. Even choosing some
variations Vy, ..., Vg a priori, we cannot in general get a correction
f +tV + AV, which is conformal, as being conformal is a pointwise,
infinite dimensional condition.

Instead we recall the parameter invariance of the Willmore functional
that is

W) =W(fop) Vé:% —> X.

As we have seen in Section 6 by Poincaré’s theorem, any metric on X
is conformally equivalent to a constant curvature, unit volume metric.
Therefore we seek corrections in the moduli space

Mpoin/p

:= {constant curvature, unit volume metrics onX }/{¢ : X = 1.

As the moduli space has a bad analytical structure, we divide by the
smaller group Dy := {¢ € D | ¢ =~ ids }, where =~ means homo-
topic, to obtain the Teichmiiller space

T := Mpoin/DOa

see [Tr]. The Teichmiiller space is an open finite dimensional manifold
of dimension
2 forp=1,

dlmT:{6p—6f0rpZ2.

We consider the projection 7 : M := { metricson £ } — 7 mapping
any metric on % to the class of the conformally equivalent constant
curvature, unit volume metric, which exists and is unique by Poincaré’s
theorem. Now there is a decomposition of the tangent space of M into

T,M:={og+ Lxg} 5] (g),
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where S]7(g) are the 2-covariant tensors on ¥ which are symmetric,
traceless and divergence free with respect to g. As we have already seen,
the elements of S]7(g) appear exactly as Lagrange multipliers in the
Euler-Lagrange equation (7.1.1) for constrained Willmore immersions.
Now we have

drgl{og + Lxg} =0,
dre|STT(g) —> Ty T,

. ' 2 forp=1,
dim 7 = dim SQTT(g): {6p—6 f0r1;>2

where the dimension of SZT T(g) can be calculated by Riemann-Rochs
theorem.

For f: X — R", g = f*ge smooth, actually more precisely for
Jm, we define the first Teichmiiller variation dm; : C*°(X, R") — T, T
by

d
Smp.V o= En((f + tV)*g)|t=0

and consider the subspace
Vi =08m,;C7 (2, R") C Ty, 7.

We call f of full rank in Teichmiiller space if V; = T,,7T, otherwise
we call f degenerate.
In the full rank case, we select variations Vi, ..., Vgim 7 With

span{8m s Vi, ..., 87 Viaim 7} = Vy = T, 7.

Then by implicit function theorem for z small, there exists A € R4™ 7
such that

7((F +1V 42,V gac) = 7" 8en)

hence
W(f) SW(f +tV + 4. V,)

and the standard whole-filling procedure applies to prove | BQ| D*f1?du<

C QZ“, fecC Lo then f € C® and moreover the Euler-Lagrange equa-
tion (7.1.1) for f. This proves the full rank case. O

In the degenerate case, we have dim V; < dim 7. We first prove
that only one dimension can be lost. Writing g, := (f 4+ #V)*geuc and
g = e gpoin fOr some constant curvature unit volume metric gpoin, We
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see m(g,) = m(e *g,), hence for an orthonormal basis ¢" (gpoin), ¥ =
,dim 7, of ST 7 (gpoin)

87TfV = dng-atgt|[:0 = d”gpoin'eibtatgthzo
dim 7T
= Z (e_zuazgt\t:o-qr(gpoin»gpoind”gpoin'qr(gp"in)'

r=1
Calculating in local charts
i =8 {8 f,3;V) +1{3; f, V) + 128V, 9;V),
we get

—2u r i il —2u r
(e 2 9:8¢11=0 4" (&poin)) gpoin :/gplf)ingr])oine ? atgt,ijp:oqkl(gpoi“) d“gpoin
by

=2 / g% g/ (0 1, 3;V)qy,(gpoin) diig

X
=2 | g™ (VEVE £, V)i (gpoin) ditg

-2

>
-2 / g0 £, V)V qi (8poin) disg
>
/glkgjl A?/a le(gpoin) d,uga
>

as g € ST7(gpoin) = S37(g) by Proposition 7.A.1 is divergence- and
tracefree with respect to g. Therefore

dim 7
Sty V=Y 2 f 8" g7 (3 £, 8;V)q} (gpoin) it AT, -q" (8poin) =
r=1

dim 7T
™) / &7 (A, V)l (o) ity AT 0" (Gpoin).  (72.1)
1

= )
Proposition 7.2.1. We always have
dim Vy >dim 7 — 1. (7.2.2)
f s not of full rank in Teichmiiller space if and only if

JlAqukl =0 fOi’ some q € S2 (gpom) q # 0. (7.2.3)
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In this case, f is isothermic locally around all but finitely many points
of X, that is around all but finitely many points of ¥ there exist local
conformal principal curvature coordinates.

Proof. For q € SZTT(gpoin), weput A, : C¥(X,R") - R

A,V = — / g% g (AL, V)qu dug
)

and define the annihilator
am = 1{q € 83 (8poin) | Ag =0}

As dmg, . 1577 (gpoin) — Ty, T is bijective, we see by (7.2.1) and
elementary linear algebra

dim 7 =dim V; 4 dim app. (7.2.4)

Clearly,
q €Eam— glkgle?,'Qk[ =0 (7.2.5)

which already yields (7.2.3). In local conformal coordinates g;; =
€™ gooin = €208, we see AV, = —AY,, AY, = A g1 = —gn.q12 =
@21, as both A’ and g € SI7(gpoimn) are symmetric and tracefree with
respectto g = e &poin- This rewrites (7.2.5) into

q €ame== A%q1 + AYq1» = 0. (7.2.6)

Now if (7.2.2) were not true, there would be two linearly independent
ql, q2 €am by (7.2.4). Likewise the functions h* = q{‘l — iq{‘z, which
are holomorphic by Proposition 7.A.2, are linearly independant over R,
in particular neither of them vanishes identically, hence these vanish at
most at finitely many points, as % is closed. Then h'/A% is meromor-
phic and moreover not a real constant. This implies that Im(h'/h?) does
not vanish identically, hence vanishes at most at finitely many points.
Outside these finitely many points, we calculate

o 11
Im(h'/h?) = |W*| 2 Im(h'h?) = |h*| 7% det (qlz‘ Z?) ,
11 712

hence

1
det (2‘21 2122 ) vanishes at most at finitely many points
in 412
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and by (7.2.6)
A’ =0. (7.2.7)

Then by a theorem of Codazzi, f parametrizes a round sphere or a plane,
contradicting p > 1, and (7.2.2) is proved.

Next if f is not of full rank in Teichmiiller space, there exits ¢ €ann
—{0} # @ by (7.2.4), and the holomorphic function 2 = ¢q;; — ig»
vanishes at most at finitely many points. In a neighbourhood of a point
where / does not vanish, there is a holomorphic function w with (w’)? =
ih. Then w has alocal inverse z and using w as new local conformal
coordinates, & transforms into (4 oz)(z')?> = —i, hence q;; =0, g1» =
1 in w-coordinates. By (7.2.6)

Ap =0,

and w are local conformal principal curvature coordinates. U
Conclusion of the proof of Theorem 7.2.1:
By the above proposition, we see in the degenerate case that dim V; =
dim 7 —1, and we select e L Vy, # 0 such that T;,7 = V; ®span{e}.
In local conformal principal curvature coordinates, as established in the
above proposition, we construct two variations Vi € C*(X,R") such
that for the second variation

+(8°7;.Vy, €) > 0.
Firther we select variations Vi, ..., Vgim 7—1 With

span{(Srrf.Vl, cee 8nf.Vdim 7’,1} = Vf.

Then by implicit function theorem for 7 small, there exists A € R 7!
such that

7T<(f +tV 4+ A Vr)*geuc> = n(f*geuc) + ae.
For o > 0, there exists u+ € R, A ~ A such that

7T<(f +tV + Xr Vr + lLiV:I:)*geuc> = n(f*geuc)a

and the whole-filling procedure applies to prove smoothness and the
Euler-Lagrange equation (7.1.1) for f as in the full rank case. This
concludes the proof of the theorem. O
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Note added after the lecture:

Recently, the first author and Li and independently Riviere have extended
the existence of constrained minimizers for W(X, go,n) < 87 in
any codimension, see [KuLilO] and [Ril0]. Whereas smoothness of
the minimizer and the Euler-Lagrange equation (7.1.1) is obtained in all
cases along the lines presented in the above lecture, this is not addressed
in [KuLil0O], and is left open in [Ril0] in the degenerate case. Even
more recent the second author has extended the framework of this sec-
tion in [Sch11] to W(X, go, n) < 8m in any codimension.

Appendix
7.A The space S17

Definition 7.A.1. Let X be an open surface and g a metric on X.
The space S17(g) of transverse traceless tensors is defined to be the set
of smooth 2-covariant tensors which are symmetric, traceless, transverse
that is
qij = 4ji>
treqg = g"qij =0,
divegr = g Vigjr =0.

For conformal metrics S17 is the same.
Proposition 7.A.1. For § = e*g we have SIT(g) = SI7(g).

Proof. Clearly a 2-covariant tensor is symmetric or tracefree with respect
to g if and olny if it is symmetric or tracefree with respect to g.

We recall from Proposition 1.2.2 for the difference of the Christoffel
symbols which is always a tensor that

TII; = f'lk] — Fl{cj = af‘aju + 5/]‘»3,% — gijgklalu
in any coordinates. We continue
divege = §7Vigu = 87 3iqjx — Tiqmk — Tl jm)

=g"VEqj — 87 (T quic + T}y qjm)

= e 2divyqi — e g (T Gk + T} jm)-
When we prove -
for all symmetric and tracefree g, we get

divggr =0 <= divgq =0,

and the proposition follows.
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Now by the formula above
8T Gt + T3 qjm) = 87 (8] ju + 8781 — g1 8™ D) Gk
+ 8 (8" St + 87 Oy — gixg™ 1) jm
= g"qik0;u + 8" qxdu — 28" qmiOu
+ 8" qij0cu + 8" q jxdiu — g™ G yu
=0,
which is (7.A.1) and the proposition is proved. O

Proposition 7.A.2. Let g be a 2-covariant symmetric, tracefree tensor
with respect to a metric g on an open surface %. Then q is divergence
free if and only if in local conformal coordinates the function

q11 — iq12 is holomorphic.

Proof. Since in conformal coordinates g = e*g.,. by the previous
proposition S2T T(g) = SQT T (geuc), We have to prove

q € 83" (8euc) <= q11 — iq12 is holomorphic

for g symmetric and tracefree with respect to ge,c that is g =
q21, g11 = —q22. Indeed

q € SZTT(geuc)
<~ Sija,'q]'k =0

01911 + 9221 =0
01912 + 02g22 =0

d1q11 + 0212 =0
02q11 — 01912 =0

which are exactly the Cauchy Riemann equations for ¢;; — ig;», hence
are equivalent to ¢g;; — igj» being holomorphic. O
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8 The large genus limit of the infimum
of the Willmore energy
8.1 The large genus limit

In this talk we are concerned with the behaviour of the minimal Willmore
energy

B, = mnf{W(f)| f: X — R", genus(X) = p, T orientable },

for closed, orientable surfaces of fixed genus, as defined in remark 1.
after Theorem 6.1.1 when the genus tends to infinity. We have seen in
Proposition 2.1.1 that W(f) > 4m and equality only for round spheres.
Firstly this gives Bj = 4m. Secondly, the existence of a minimizer for
closed, orientable surfaces of fixed genus in R"” was proved in [Sim93]
when combined with [BaKu03], hence ) > 4x for p > 1. On the other
hand the constrcution in remark 2. after Theorem 6.1.1 shows g7 <
8m. This can be improved to strict inequality. Indeed by (1.3.12) the
Willmore energy of a minimal surface in S" equals its area, and equals
by conformal invariance in Proposition 1.2.3 the Willmore energy of its
stereographic projection in R”. Now, Kiihnel and Pinkall [KuPi86] and
independently Kusner [Kus87,Kus89] observed that the minimal surfaces
&1 C S3 of genus p described by Lawson in [La70] have area less than
8. In summary we know that

4w < B, <8r forp=>1.

The aim of this talk is to determine the limit of g when the genus tends
to infinity.

Theorem 8.1.1 ([KuLiSch09]).

lim B = 8x.
p—)OO

Proof. By the estimate above, we know already that

lim sup /SZ < 8,
p—>00

and we have to prove that

Ba, = liprgicgfﬂ; > 8.

Suppose not, that is S5, < 8m. We select py — oo with g, — B
and by the existence of a minimizer for closed, orientable surfaces of
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fixed genus let X; € R"” be an embedded, closed, orientable Willmore
surfaces with
genus(Xy) = py,
W(E0) = B,

We can restrict to embedded surfaces instead of immersions by Proposi-
tion 1.2.3, as B; < 8 forlarge k. Translating and rescaling %, we
may assume 0 € X; with

| As, lrozn=< A5, (0)| = 1.

By the area bound in (2.1.15), we see 0 >H>(Z,NB,) < CW(Zy) < C
and get for o small enough that f):kﬂBzQ |As, | dH? < &, hence by
interior estimates in Theorem 3.3.1 that

1.k —k—1
| V7R Asy ez < Cro™" -
Then for a subsequence ids, — f. smoothly after reparametrization on

compact subsets of R” and H?*. %y — . weakly as Radon measures.
Then by monotonicity formula (2.1.24)

1
HTH) < 0 (s ) < 07 (g, 00) + Ew(foo)

< liminf LW (S = limint g, /4y G1D
= Bl./(4m) < 2.
We see that fo, is an embedding, wus = H?>LX, and
Yy = Y& smoothly on compact subsets of R”,
Y 18 a smooth, oriented, embedded Willmore surface, (8.1.2)

| Az, L2z < 1Az, (0)] = 1.
As genus(X;) = px — oo and by Proposition 2.1.4, we get that
Y 1s non-compact and connected.

To continue, we need the following Lemma which is obtained by Feder’s
dimension reduction argument.
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Lemma8.1.1. Let M C R" be an oriented, minimal surface with
oM =0 and
0> (H*LM, 00) < 2.

Then M =0 or M is a unit density plane. U

Firstly, we conclude that X, is not minimal, that is
W(Es) > 0, (8.1.3)

since otherwise by the lemma above and (8.1.1), we concldue that Ay =
0, which contradicts Ayx_(0) # 0 of (8.1.2). Secondly, we need the
following proposition.

Proposition 8.1.1. For r; — oo we get after passing to a subsequence
r;lZoo — P smoothly in compact subsets of R" — {0},

where P is a plane containing the origin which possibly depends on the
subsequence.

Proof. The smooth convergence is the main step to be proved. Clearly,
P is oriented, and P N B,(0) — B,/»(0) # O for all o > 0, since X is
connected and non-compact, hence P #0and0 € P.

We see for o > 0

W(P — B,(0)) <limsup W(r 'S — B,(0))

r—0o0

= limsup W(Xs — B,,(0)) =0,

r—00

as W(X) < 00, hence W(P) =0 and P is minimal. Moreover by
monotonicity formula (2.1.24), we get recalling (8.1.1)

|
02 (H2L P, 00) < lim sup (92(H2Lr*12m, 0) + EW(r*zm»

r—00

1
= 0> (H*L Be0, 00) + —W(E0) < 2.
4r
Then by the previous lemma, P is a unit density plane. O
Now we replace X, by rj_1 Y and may assume by (8.1.3)
W (X N B12(0)) = W(E) — €

for j large and ¢ small. By the previous Proposition, we see that X,
is smoothly close to a unit density plane in B,(0) — B;2(0) for j large.
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Since X; — X, we know that
X is smoothly close to a unit density plane in B>(0) — B;,2(0),
W(Z N B1(0)) > W(X N B1(0)) — & > W(Z) — 2e,

genus(X; N B1(0)) = genus(Xo, N B1(0)) < genus(Xo) < 00,

for k large, where we write with slight abuse of notation genus(X; N
B1(0)) = genus((Zx N B1(0)) @ B1(0)).

Therefore, we can replace % in B;(0) by a surface close to a disc and
obtain a closed, orientable surface X; with

3 — B1(0) = 4 — B(0),
W(E N B1(0) < & K W(Eeo) — 26 < W(Z, N B1(0)),
genus(ﬁ)k) = genus(X;) — genus(XZ; N B1(0)) > pr — genus(Xo).
This yields genus(f)k) — 00, hence
Bl =liminf f, < liminf W(30)
< liminf W(Z) — OV(Ze0) — 3e)

= B — W(Ex) — 3¢) < B,

by (8.1.3) if 3¢ < W(Z), which is a contradiction, and hence proves
the theorem. O
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1 Introduction

These lecture notes form the cornerstone between two areas of Mathe-
matics: calculus of variations and conformal invariance theory.
Conformal invariance plays a significant role in many areas of Physics,
such as conformal field theory, renormalization theory, turbulence, gen-
eral relativity. Naturally, it also plays an important role in geometry:
theory of Riemannian surfaces, Weyl tensors, Q-curvature, Yang-Mills
fields, etc... We shall be concerned with the study of conformal invari-
ance in analysis. More precisely, we will focus on the study of nonlinear

G. Mingione (ed.), Topics in Modern Regularity Theory
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PDEs arising from conformally invariant variational problems (e.g. har-
monic maps, prescribed mean curvature surfaces, Yang-Mills equations,
amongst others).

A transformation is called conformal when it preserves angles infinites-
imally, that is, when its differential is a similarity at every point. Unlike
in higher dimensions, the group of conformal transformations in two di-
mensions is very large; it has infinite dimension. In fact, it contains as
many elements as there are holomorphic and antiholomorphic maps. This
particularly rich feature motivates us to restrict our attention on the two-
dimensional case. Although we shall not be concerned with higher di-
mension, the reader should know that many of the results presented in
these notes can be generalized to any dimension.

The first historical instance in which calculus of variations encountered
conformal invariance took place early in the twentieth century with the
resolution of the Plateau problem. Originally posed by J.-L. Lagrange in
1760, it was solved independently over 150 years later by J. Douglas and
T. Radé. In recognition of his work, the former was bestowed the first
Fields Medal in 1936 (jointly with L. Alhfors).

Plateau Problem. Given a regular closed connected curve I" in R3, does
there exist an immersion u of the unit-disk D? such that d D? is homeo-
morphically sent onto I" and for which u(D?) has a minimal area?

One of the most important ideas introduced by Douglas and Rad6 con-
sists in minimizing the energy of the map u

1
E(u) = —/ |9 ul? + |yul* dx A dy.
2 D2

It has good coercivity properties and lower semicontinuity in the weak
topology of the Sobolev space W!2(D?, R?), unlike the area functional

A(u) = / [0yu X Oyu| dx Ndy.
D2

One crucial observation is the following inequality, valid for all # in
Wl,2(D2’ R3),
A(u) < E(u),

with equality if and only if u is weakly conformal, namely:
|0yu| = [0yu| and Ocu-0yu=0 ae.

The energy functional E has another advantage over the area functional
A. While A is invariant under the action of the infinite group of diffeo-
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morphisms of D? into itself', the functional E is only invariant through
the action of the much smaller group (it is in fact finite) of Mobius trans-
formations comprising conformal, degree 1 maps from D? into itself2.

In effect, the idea of Douglas and Radé bears resemblance to that of
minimizing, in a normal parametrization |y| = 1, the energy of a curve
f[o,u |y|? dt, rather than the Lagrangian of the arclength f[o,u ly| dt,
which is invariant under the too big group of positive diffeomorphisms
of the segment [0, 1].

All the disks (D?, g) are conformally equivalent to the flat disk D?.
Thus, the aforementioned observations enable us to infer that any min-
imum of the area functional A, if it exists, must be a critical point of
the energy functional E. These points are the harmonic maps # in R?
satisfying

Au=0 in D'(D?. (1.1)
Leading this process to fruition is however hindered by the boundary

data, which is of a “free” Dirichlet type along a curve I', and by the non-
compacity of the Mdbius group, which will thus have to be “broken” by

! Indeed, given two distinct positive parametrizations (x, y) and (x’, y) of the unit-disk Dz, there
holds, for each pair of functions f and g on D2, the identity

df ndg =0y fiyg — 8y foxg dx Ndy =3y fdyg — Dy fyg dx' Ady
so that, owing to dx A dy and dx’ A dy’ having the same sign, we find
|0x fdyg — dy fAxgl dx Ady = |8y fayyg — 8y fOvgl dx' Ady'.
This implies that A is invariant through composition with positive diffeomorphisms.

2 The invariance of E under conformal transformations may easily be seen by working with the
complex variable z = x + iy. Indeed, we note

1 y
0z =5 (0x —idy)

2z

and

1
0z =5 (9x +1idy)

so that du = d;u dz + dzu dz, and thus
_ i 2 a2 -
E(u)_—/ [0zul” + |0zul” dz A dZ.
2 D2

Accordingly, if we compose u with a conformal transformation, i.e. holomorphic, z = f(w), there
holds for & (w) = u(z) the identities

Bwil® = |f' @) 18?0 f and  [3gil> = |/ (w)I? 1dzul* o f.

Moreover, dz A dZ = | f’ (w)\2 dw A dw. Bringing altogether these results yields the desired
conformal invariance E (1) = E (it).
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the so-called three-point method. Eventually, one reaches the following
result.

Theorem 1.1 (Douglas-Radé-Courant). Given a regular closed curve
' in R3, there exists a continuous minimum u for the energy E within the
space of W'2(D?, R%) functions mapping the boundary of the unit-disk
dD? onto T in a monotone fashion, and satisfying

- ; 2

Au =0 . m D (1.2)

[0yu|® — |8yu|2 —2i0u-0yu=0 in D?.

The harmonicity and conformality condition exhibited in (1.2) implies

that u(D?) realizes a minimal surface®. R. Osserman showed that it has

no branch points in the interior of the unit-disk. This result was subse-
quently generalized to the boundary of the disk by S. Hildebrandt.

The resolution of the Plateau problem proposed by Douglas and Rad6
is an example of the use of a conformal invariant Lagrangian E to ap-
proach an “extrinsic” problem: minimizing the area of a disk with fixed
boundary. The analysis of this problem was eased by the high simplic-
ity of the equation (1.1) satisfied by the critical points of E. It is the
Laplace equation. Hence, questions related to unicity, regularity, com-
pactness, etc. .. can be handled with a direct application of the maximum
principle. In these lecture notes, we will be concerned with analogous
problems (in particular regularity issues) related to the critical points of
conformally invariant, coercive Lagrangians with quadratic growth. As
we will discover, the maximum principle no longer holds, and one must
seek an alternate way to compensate this lack. The conformal invariance
of the Lagrangian will generate a very peculiar type of nonlinearities in
the corresponding Euler-Lagrange equations. We will see how the spe-
cific structure of these nonlinearities enables one to recast the equations
in divergence form. This new formulation, combined to the results of
integration by compensation, will provide the substrate to understand-
ing a variety of problems, such as Willmore surfaces, poly-harmonic and

3 Recall the following result from differential geometry. Let u be a positive conformal parametriza-
tion from an oriented disk in R3. The mean curvature vector H, parallel to the outward unit normal
vector 71, is defined as

H=Hi=2""e?* Au,
where et = |9 u| = [dyu| and H is the mean curvature H = (k1 +«2)/2. Equivalently, there holds

Au =2H dyu X dyu. (1.3)
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a-harmonic maps, Yang-Mills fields, Hermite-Einstein equations, wave
maps, etc. ..

ACKNOWLEDGEMENTS. These notes have been written at the occasion
of several mini-courses given by the author in the spring and summer
2009 successively at the mathematics Department of Nice, of Warwick
University, at the PIMS-Vancouver and at the De Giorgi Institute in Pisa.
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2 Conformally invariant coercive Lagrangians
with quadratic growth, in dimension 2

We consider a Lagrangian of the form

L(u):/ I(u, Vu) dx dy, @2.1)
D2

where the integrand / is a function of the variables z € R” and p €
R? ® R™, which satisfies the following coercivity and “almost quadratic”
conditions in p:

C7lpl? =1z p) = CIpP 2.2)

We further assume that L is conformally invariant: for each positive con-
formal transformation f of degree 1, and for eachmap u € Wl2(D%R™),
there holds

Lo f) = /~1 X lwo f,V(uo f))dx'dy
/700 2.3)

:/ l(u,Vu) dx dy = L(u).
D2

Example 2.1. The Dirichlet energy described in the Introduction,

E(u):f |Vu|* dx dy,
D2

whose critical points satisfy the Laplace equation (1.1), owing to the con-
formal hypothesis, geometrically describes minimal surfaces. Regularity
and compactness matters relative to this equation are handled with the
help of the maximum principle.
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Example 2.2. Let an arbitrary metric in R"be given, namely (g;;);, jen,, €
C!(R™, S5, where S} denotes the subset of M,,(R), comprising the
symmetric positive definite m x m matrices. We make the following
uniform coercivity and boundedness hypothesis:

3C>0  suchthat C7'§; <g; <C8; onR".
Finally, we suppose that
Vgl Loo@wmy < +00.

With these conditions, the second example of quadratic, coercive, con-
formally invariant Lagrangian is

1
E,(u) = 5/2 (Vu,Vu), dxdy
D

1 m
-3,

gij(u)Vui -Vu'! dx dy.
ij=1

Note that Example 2.1 is contained as a particular case.

Verifying that E, is indeed conformally invariant may be done anal-
ogously to the case of the Dirichlet energy, via introducing the complex
variable z = x + iy. No new difficulty arises, and the details are left to
the reader as an exercise.

The weak critical points of E, are the functions u € Wh2(D? R™)
which satisfy

d
VE € C°(D*, R™) 77 Ee +18),, = 0.

An elementary computation reveals that u is a weak critical point of E,
if and only if the following Euler-Lagrange equation holds in the sense
of distributions:

Vi=l-m  Au'+ Y Tha) Vet -va' =0.  (2.4)
k=1
Here, I}, are the Christoffel symbols corresponding to the metric g, ex-
plicitly given by
. 1 & .
i@ =5 ) 8" (080 + degis — :,80) 25)
s=1

where (g'/) is the inverse matrix of (g;;).
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Equation (2.4) bears the name harmonic map equation* with values in
(Rm’ g)

Just as in the flat setting, if we further suppose that « is conformal, then
(2.4) is in fact equivalent to #(D?) being a minimal surface in (R, g).

We note that I (Vu, Vu) := Y }',_ T}, Vu*- V', so that the harmonic
map equation can be recast as

Au~+I'(Vu, Vu) = 0. (2.6)
This equation raises several analytical questions:

(1) Weak limits: Let u, be a sequence of solutions of (2.6) with uni-
formly bounded energy E,. Can one extract a subsequence converg-
ing weakly in W2 to a harmonic map?

(i) Palais-Smale sequences: Let u, be a sequence of solutions of (2.6)
in Wh2(D?, R™) with uniformly bounded energy E,, and such that

Au, +I'(Vu,,Vu,) =68, — 0 strongly in H'.

Can one extract a subsequence converging weakly in W2 to a har-
monic map?

(iii) Regularity of weak solutions: Let # be a map in W!2(D? R™)
which satisfies (2.4) distributionally. How regular is #? Continuous,
smooth, analytic, etc. ..

The answer to (iii) is strongly tied to that of (i) and (ii). We shall thus
restrict our attention in these notes on regularity matters.

Prior to bringing into light further examples of conformally invariant
Lagrangians, we feel worthwhile to investigate deeper the difficulties as-
sociated with the study of the regularity of harmonic maps in two dimen-
sions.

The harmonic map equation (2.6) belongs to the class of elliptic sys-
tems with quadratic growth, also known as natural growth, of the form

Au = f(u, Vu), .7

where f(z, p) is an arbitrary continuous function for which there exists
constants Cp > 0 and C; > 0 satisfying

VzeR" VpeR*QR"  f(z,p) < Cilpl*+ Co. (2.8)

4 One way to interpret (2.4) as the two-dimensional equivalent of the geodesic equation in normal
parametrization,

dx u o dxk dx!
r, == —o.
az “2::1 K-gr dr
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In dimension two, these equations are critical for the Sobolev space W -2,
Indeed,

ueW'?=T(Vu,Vu)e L' = Vu e Ll (D*) Vp <2.

In other words, from the regularity standpoint, the demand that Vu be
square-integrable provides the information that> Vu belongs to L{ . for
all p < 2. We have thus lost a little bit of information ! Had this not been
the case, the problem would be “boostrapable”, thereby enabling a suc-
cessful study of the regularity of u. Therefore, in this class of problems,
the main difficulty lies in the aforementioned slight loss of information,
which we symbolically represent by L> — L*°,

There are simple examples of equations with quadratic growth in two
dimensions for which the answers to the questions (i)-(iii) are all nega-
tive. Consider®

Au + |Vul*> =0. (2.10)

This equation has quadratic growth, and it admits a solution in W'2(D?)
which is unbounded in L*°, and thus discontinuous. It is explicitly given
by

u(x,y) :=loglog #

N
The regularity issue can thus be answered negatively. Similarly, for the
equation (2.10), it takes little effort to devise counter-examples to the
weak limit question (i), and thus to the question (ii). To this end, it is
helpful to observe that C? maps obey the general identity

Ae" =e" [Au+ |Vul?]. (2.11)

2,00

loc  comprising

5 Actually, one can show that Vu belongs to the weak-L2 Marcinkiewicz space L
those measurable functions f for which

sup a2 |{p € D |f(p)l > A}| < +o0, 2.9)
A>0

where | - | is the standard Lebesgue measure. Note that L2 s a slightly larger space than L2
However, it possesses the same scaling properties.

6 This equation is conformally invariant. However, as shown by J. Frehse [11], it is also the Euler-
Lagrange equation derived from a Lagrangian which is nor conformally invariant:

_ ! 2 i
L(u) = /[)2 (1 + T e (log 1/](x, y)l)*lz) [Vul“(x, y) dx dy.
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One easily verifies that if v is a positive solution of

Av= =21 1,

where A; > 0 and §,, are isolated Dirac masses, then « := log v provides
a solution” in W2 of (2.10). We then select a positive regular function f
with integral equal to 1, and supported on the ball of radius 1/4 centered
on the origin. There exists a sequence of atomic measures with positive
weights A7 such that

fo = Z M s and ZA;‘ =1, (2.12)
i=1 i=1
which converges as Radon measures to f. We next introduce

n
u,(x,y) :=log Zkl” log

i=1

[(x, ) —af

On D?, we find that

- 2 8 8
vy, = A log ———r > A¢ log — = log —. (2.13)
2R Gy e 2 s

On the other hand, there holds

ouy

/|wn|2=—/ Aun=—/ i

D2 D2 aD? ar
1

Vv,
< < g [Vv,| < C
ap2  |vnl log 3 Jap2

7 Indeed, per (2.11), we find Au + |Vu|2 = 0 away from the points @;. Near these points, Vu
asymptotically behaves as follows:

_ -1
IVul = v~ Vol = (J(r, y) —a;] log [(x, y) —a; )" € L

Hence, |Vu|2 € L', so that Au + |Vu|2 is a distribution in H~! + L! supported on the isolated
points a;. ;From this, it follows easily that

Au + |Vu|2 = Zui 3q; -
i

Thus, Au is the sum of an L! function and of Dirac masses. But because Au lies in H *l, the
coefficients p; must be zero. Accordingly, # does belong to wh2,
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for some constant C independent of n. Hence, (u,) is a sequence of
solutions to (2.10) uniformly bounded in W' 2. Since the sequence ( f;)
converges as Radon measures to f, it follows that for any p < 2, the
sequence (v,) converges strongly in W!7 to

2
v:=log—x f.
r

The uniform lower bound (2.13) paired to the aforementioned strong con-
vergence shows that for each p < 2, the sequence u,, = log v,, converges
strongly in W7 to

2
u :=log [log— >x<f:|.
r

From the hypotheses satisfied by f, we see that A(e*) = —27n f # 0.
As f is regular, so is thus e¢”, and therefore, owing to (2.11), u# cannot
fullfill (2.10).

Accordingly, we have constructed a sequence of solutions to (2.10)
which converges weakly in W2 to a map that is not a solution to (2.10).

Example 2.3. We consider a map (®;;);, jen,, in C L(R™, so(m)), where
so(m) is the space antisymmetric square m X m matrices. We impose the
following uniform bound

”Va)”LOO(DZ) < 400.

For maps u € W2(D?, R™), we introduce the Lagrangian

1 " . . . ;
E°(u) = _/ IVul + > o ()du' dyu! — dyu'deu! dx dy. (2.14)
2 Jp ij=1

The conformal invariance of this Lagrangian arises from the fact that £¢
is made of the conformally invariant Lagrangian E to which is added the
integral over D? of the 2-form @ = w;;dz' Adz’ pulled back by u. Com-
posing u by an arbitrary positive diffeomorphism of D? will not affect this
integral, thereby making E® into a conformally invariant Lagrangian.

The Euler-Lagrange equation deriving from (2.14) for variations of the
form u-+¢&, where § is an arbitrary smooth function with compact support
in D2, is found to be

m
Au' =23 Hy) V' -Vu'=0  Vi=1--m. = (215)
k=1
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Here, V+tu* = (—d,u*, 9,u*)® while H}, is antisymmetric in the indices
k and [. It is the coefficient of the R™-valued two-form H on R™

Hi(z) := Z H,(z) dz" A d7.
k,l=1

The form H appearing in the Euler-Lagrange equation (2.15) is the uni-
que solution of

VzeR" VU,V,WeR"
do,(U,V,W)=4U -H(V,W)

m
=4> U'H'(V.W).
i=l
For instance, in dimension three, dw is a 3-form which can be identified
with a function on R™. More precisely, there exists H such that dow =

4H dz' A dz? A dz’. In this notation (2.15) may be recast, for each
i ef{l,2,3},as

Aut =2H ) 9, 9,u’ ™" — 31D it (2.16)

where the indexing is understood in Zs. The equation (2.16) may also be
written
Au =2H(u) dxu x 0yu,

which we recognize as the prescribed mean curvature equation.

In a general fashion, the equation (2.15) admits the following geomet-
ric interpretation. Let u be a conformal solution of (2.15), so that u(D?)
is a surface whose mean curvature vector at the point (x, y) is given by

e uwH = (e2A Z H,f,(u) vk Vul) , 2.17)
kil=1 i=lm

where " is the conformal factor e* = |d,u| = |dyu|. As in Example 2.2,
the equation (2.15) forms an elliptic system with quadratic growth, thus
critical in dimension two for the W2 norm. The analytical difficulties
relative to this nonlinear system are thus, a priori, of the same nature as
those arising from the harmonic map equation.

8 In our notation, v-Luk . vul is the Jacobian

vidk vl = Bxukayul — 3yuk8xul.
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Example 2.4. In this last example, we combine the settings of Exam-
ples 2.2 and 2.3 to produce a mixed problem. Given on R” a metric
g and a two-form w, both C! with uniformly bounded Lipschitz norm,
consider the Lagrangian

1
E®(u) = —f (Vu,Vu), dxdy + u*o.
8 2 D2

As before, it is a coercive conformally invariant Lagrangian with quad-
ratic growth. Its critical points satisfy the Euler-Lagrange equation

m m
Au'+ 3 TL @)V - Vu' =23 Hy@)Viek vl =0, (2.18)
k=1 k=1

fori=1---m.

Once again, this elliptic system admits a geometric interpretation which
generalizes the ones from Examples 2.2 and 2.3. Whenever a conformal
map u satisfies (2.18), then u(D?) is a surface in (R™, g) whose mean
curvature vector is given by (2.17). The equation (2.18) also forms an
elliptic system with quadratic growth, and critical in dimension two for
the W2 norm.

Interestingly enough, M. Griiter showed that any coercive conformally
invariant Lagrangian with quadratic growth is of the form E} for some
appropriately chosen g and w.

Theorem 2.5 ([15]). Let [(z, p) be a real-valued function on R" x R*> ®
R™, which is C" in its first variable and C? in its second variable. Sup-
pose that | obeys the coercivity and quadratic growth conditions

3C >0 suchthat Vz e R"™ VpeR2@R"

(2.19)
C'pl* <1z p) <Clpl*.
Let L be the Lagrangian
L(u) = / [(u, Vu)(x, y) dx dy (2.20)
D2

acting on WH2(D?, R™)-maps u. We suppose that L is conformally in-
variant: for every conformal application ¢ positive and of degree 1, there
holds

L(uog¢)= ./¢1(D2) (o, Vuop))(x,y)dxdy =Lu). (221

Then there exist on R™ a C' metric g and a C' two-form w such that

L=E’ (2.22)
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Maps taking values in a submanifold of R"”

Up to now, we have restricted our attention to maps from D? into a man-
ifold with only one chart (R", g). More generally, it is possible to in-
troduce the Sobolev space W!2(D?, N"), where (N", g) is an oriented
n-dimensional C?-manifold. When this manifold is compact without
boundary (which we shall henceforth assume, for the sake of simplic-
ity), a theorem by Nash guarantees that it can be isometrically immersed
into Euclidean space R™, for m large enough. We then define

W' (D> N") := {u e W"*(D*,R") u(p) € N" ae. p € D*}.

Given on N" a C! two-form w, we may consider the Lagrangian
® 1 2 *
E®°(u) = = |Vul“dx dy + u"w (2.23)
2 D2

acting on maps u € W'2(D?, N"). The critical points of E¢ are defined
as follows. Let my be the orthogonal projection on N" which to each
point in a neighborhood of N associates its nearest orthogonal projection
on N". For points sufficiently close to N, the map my is regular. We
decree that u € W'2(D?, N") is a critical point of E© whenever there
holds 4
EE“’(T[N(M +1£))=0 =0, (2.24)
forall &€ € CJ°(D?, R™).

It can be shown’ that (2.24) is satisfied by u € Cye° (D?,R™) if and
only if u obeys the Euler-Lagrange equation

Au+ Aw)(Vu, Vu) = Hw)(Viu, Vu), (2.25)

where A (= A,) is the second fundamental form at the point z € N”
corresponding to the immersion of N” into R™. To a pair of vectors in
T.N", the map A, associates a vector orthogonal to 7, N". In particular,
at a point (x, y) € D?, the quantity Ax,y)(u)(Vu, Vu) is the vector of
R™ given by

Ay @) (Vu, Vu) := A,y (u)(Oxu, 0xu) + A,y (1) (dyu, dyu).

For notational convenience, we henceforth omit the subscript (x, y).

9 In codimension 1, this is done below.
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Similarly, H (u)(V+u, Vu) at the point (x, y) € D? is the vector in R”
given by

Hu)(Viu, Vu) := H(u)(0 u, dyu) — H(u)(@yu, 0 u)
= 2H (u)(0yu, dyu),
where H (= H,) is the 7, N"-valued alternating two-form on 7, N" :
YU,V,W €T,N" doU,V,W):=U- H(V,W).
Note that in the special case when w = 0, the equation (2.25) reduces to
Au+ A(m)(Vu, Vu) =0, (2.26)

which is known as the N”-valued harmonic map equation.

We now establish (2.25) in the codimension 1 case. Let v be the normal
unit vector to V. The form w may be naturally extended on a small neigh-
borhood of N" via the pull-back 75w of the projection my. Infinitesi-
mally, to first order, considering variations for E“ of the form my (« +t&)
is tantamount to considering variations of the kind u 4t dmy (u)&, which
further amounts to focusing on variations of the form u + fv, where
v e WH2(D?, R™) N L* satisfies v - v(u) = 0 almost everywhere.
Following the argument from Example 2.3, we obtain that u is a critical
point of E“ whenever for all v with v - v(z) = 0 a.e., there holds

/ Xm: |:Aui -2 i H,(u) V+:u® - Vuli| v' dx dy =0,
D i) k=1
where H is the vector-valued two-form on R™ given for z on N" by
YU, V,W eR" dnyoU,V,W):=U-H(V,W).
In the sense of distributions, we thus find that
[Au— Hw)(V'u, V)] Av(u) =0. (2.27)

Recall, vou € L® N W"2(D?, R™). Accordingly (2.27) does indeed
make sense in D’'(D?).

Note that if any of the vectors U, V and W is normal to N", i.e. parallel
to v, thendnyw (U, V, W) =0, so that

v, - H(V,W) =0 YV, WeR"
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Whence,
[Au—H@u)(Vu,Vu)] - v(u) = Au - v(u)

= div(Vu - v(u)) — Vu - V(v(u)) (228)
=—Vu-V))

where we have used the fact that Vu - v(u) = 0 holds almost everywhere,
since Vu is tangent to N".

Altogether, (2.27) and (2.28) show that u satisfies in the sense of dis-
tributions the equation

Au — Hw)(V*ru, Vu) = —v(u) V(v(u)) - Vu. (2.29)

In codimension 1, the second fundamental form acts on a pair of vectors
(U, V)in T,N" via

AU, V) =v() <dvU,V >, (2.30)

so that, as announced, (2.29) and (2.25) are identical.
We close this section by stating a conjecture formulated by Stefan
d’Hildebrandt in the late 1970s.

Conjecture 2.6 ([20,21]). The critical points with finite energy of a co-
ercive conformally invariant Lagrangian with quadratic growth are Holder
continuous.

The remainder of these lecture notes shall be devoted to establishing
this conjecture. Although its resolution is closely related to the compact-
ness questions (i) and (ii) previously formulated on page 9, for lack of
time, we shall not dive into the study of this point.

Our proof will begin by recalling the first partial answers to Hilde-
brandt’s conjecture provided by H. Wente and F. Hélein, and the impor-
tance in their approach of the role played by conservations laws and in-
tegration by compensation.

Then, in the last section, we will investigate the theory of linear elliptic
systems with antisymmetric potentials, and show how to apply it to the
resolution of Hildebrandt’s conjecture.

3 Integrability by compensation applied to the regularity
of critical points of some conformally invariant Lagrangians

3.1 Constant mean curvature equation (CMC)

Let H € R be constant. We study the analytical properties of solutions
in W!2(D?, R?) of the equation

Au—2H d,u x dyu = 0. 3.1)
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The Jacobian structure of the right-hand side enables without much trou-
ble, inter alia, to show that Palais-Smale sequences converge weakly:

Let F, be a sequence of distributions converging to zero in H~' (D% R?),
and let u, be a sequence of functions uniformly bounded in W'?2 and
satisfying the equation

Au, —2H 0,u, x dyu, = F, — 0 strongly in H (D).
We use the notation
(Bctty X dyuy) = ul 1A it — dul 9 ult!

. . . . (3.2)
=3, du Ty — 8, (it .

The uniform bounded on the W'2-norm of u,, enables the extraction of
a subsequence u,, weakly converging in W'? to some limit u.,. With
the help of the Rellich-Kondrachov theorem, we see that the sequence u,,
is strongly compact in L. In particular, we can pass to the limit in the
following quadratic terms

i+1 g i—1 i+1 4 i—1 Y (D2
w,  Oyu,  —> Uy Oyl in D' (D7)

W du T — wi o uly! in D'(D?).
Combining this to (3.2) reveals that u, is a solution of the CMC equation
(3.1).
Obtaining information on the regularity of weak W'? solutions of the
CMC equation (3.2) requires some more elaborate work. More precisely,

a result from the theory of integration by compensation due to H. Wente
is needed.

Theorem 3.1 ([36]). Let a and b be two functions in W'?(D?), and let
¢ be the unique solution in Wol’p(Dz) —for 1 < p < 2 —of the equation

—A¢ = d,adyb — dbdya in D?

3.3
=0 on dD?. (3-3)

Then ¢ belongs to C° N W'2(D?) and
||¢||L00(D2) + ||V¢||L2(DZ) <Co ||Va||L2(D2) ||Vb||L2(D2)v (3.4)

where Cy is a constant independent of a and b."°

10 Actually, one shows that Theorem 3.1 may be generalized to arbitrary oriented Riemannian sur-
faces, with a constant C( independent of the surface, which is quite a remarkable and useful fact.
For more details, see [13] and [34].
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Proof of Theorem 3.1. We shall first assume that a and b are smooth, so
as to legitimize the various manipulations which we will need to perform.
The conclusion of the theorem for general a and b in W' may then
be reached through a simple density argument. In this fashion, we will
obtain the continuity of ¢ from its being the uniform limit of smooth
functions.

Observe first that integration by parts and a simple application of the
Cauchy-Schwarz inequality yields the estimate

[ 9ok == [ 020 <16l 0006 - 2000l
D2 D2

=2[¢lllValz IVE]l2.
Accordingly, if ¢ lies in L*°, then it automatically lies in W2,

Given two functions a and b in Cy°(C), which is dense in Wh2(C), we
first establish the estimate (3.4) for

- 1 1 ~ ~
¢ = 7 log . [8xd dyb — 0:b 8),51] . (3.5)

Owing to the translation-invariance, it suffices to show that
B(0)] < Co IVallac) Vb2 (3.6)

We have

~ 1 -
¢(0) = —2— logr 0ya 9, b—29 b oya

oo 9 ab 9 ab
/ logr o (a o) =5 \ao- | drao
ar 00 20 or
2w 400 8[;(1
/ a 224" 4o,

Since fo o ab do =0, we may deduct from each circle d B, (0) a constant
a chosen to have average a, on d B, (0). Hence, there holds

- 1 [ [t — 9b dr
0) = — i—a,] — — do
$(0) 277/() /0 @315 °
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Applying successively the Cauchy-Schwarz and Poincaré inequalities on
the circle S', we obtain

1
- 1 +o00 dr 2 _ - 2 2
o =5 [ —(/ |a—ar|2) |
T Jo r 0 0
1 +00 27 2 % 27
< _
—2m 0 r ([) ) /(;

The sought after inequality (3.6) may then be inferred from the latter via
applying once more the Cauchy-Schwarz inequality.

Returning to the disk D?, the Whitney extension theorem yields the
existence of @ and b such that

/Cwmzscl /2|Va|2 3.7)
D

/|v15|2501f |Vb|2. (3.8)
C D?

Let ¢ be the function in (3.5). The difference ¢ — ¢ satisfies the equation

~2
ab

00

-2
b

30

da
00

and

Ap—¢) =0 in D?
¢—q~5=—g5 on dD?.

The maximum principle applied to the inequalities (3.6), (3.7) and (3.8)
produces

¢ — @l ez < Il x@p2) < ClIVall Vbl

With the triangle inequality ||| ]loo — |@lloc] < ll¢ — }lloc and the in-
equality (3.6), we reach the desired L*-estimate of ¢, and therefore, per
the above discussion, the theorem is proved. U

Proof of the regularity of the solutions of the CMC equation

Our first aim will be to establish the existence of a positive constant «
such that

sup o ¢ / |Vu|? < 400. 3.9
p<1/4, peBi;(0) By(p)
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Owing to a classical result from Functional Analysis!!, the latter implies
that u € C%*/>(B;/5(0)). From this, we deduce that u is locally Holder
continuous in the interior of the disk D?. We will then explain how to
obtain the smoothness of # from its Holder continuity.

Let g9 > 0. There exists some radius py > 0 such that for every r < pg
and every point p in Bj,;(0)

f IVul? < &.
B (p)

We shall in due time adjust the value & to fit our purposes. In the sequel,
r < po. On B,.(p), we decompose u = ¢ + v in such a way that

A¢p =2H d,u x dyu in  B.(p)
$»=0 on dB.(p).

Applying Theorem 3.1 to ¢ yields

‘/ IVo|* < ColH| |VuPl/ |Vul|*
B, (p) B, (p) B (p)

(3.10)
smm%f Vul.
B (p)

The function v = u — ¢ is harmonic. To obtain useful estimates on v, we
need the following result.

Lemma 3.2. Let v be a harmonic function on D*. For every point p in
D2, the Jfunction

o — |Vu|?
2
P~ JBy(p)

is increasing.

Proof. Note first that

d 1 2 1
4 _2/ Vol | = —= |Vv|2—|-—2/ Vvl (3.11)
dp | p* JB,(p P> JB,(p) p* JoB,(p

Denote by v the average of v on dB,(p): v = |8B,o(p)|*1 faBﬂ(p) v.
Then, there holds

_ ) __dv
0= (v—7v) Av=— |Vou|© + (v—7v) —.
B,(p) B,(p) 2B, (p) ap

11 See for instance [14].
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This implies that

1
1 1 :
S s ([ wewe) (f
P JB,(p) P~ JaB,(p) 3B, (p)

In Fourier space, v satisfiesv = Y, , a, " andv—v =), ,.a,e
Accordingly,

v
ap

2\ 2
) . (3.12)

inf

2
deé.

2 v

36

1 1
=P =Y la* <> InPla,? < —

270 Jas,(p) neZr neZe 2 Jo
Combining the latter with (3.12) then gives

1 2\ 2 2\ 2
—/ |Vu|? < f / . (3.13)
P JBy(p) 3B, (p) By (p)

If we multiply the Laplace equation throughout by (x — x,) d,v + (y —
¥p) dyv, and then integrate by parts over B,(p), we reach the Pohozaev

v

1 0v
ap

0 30

identity:
| 5
2 — = Vo~ (3.14)
3B,(p) | 0P 3B, (p)
Altogether with (3.13), this identity implies that the right-hand side of
(3.11) is positive, thereby concluding the proof 2. U

We now return to the proof of the regularity of the solutions of the
CMC equation. Per the above lemma, there holds

2 1 2
Vo] < - [Vvl“. (3.15)
By2(p) 4 By (p)

Since Av =0 on B,(p), while =0 on dB,(p), we have

/ Vv - V¢ = 0.
By (p)

12 Another proof of Lemma 3.2 goes as follows: if v is harmonic then f := |Vv|? is sub-harmonic —
Al Vvl2 > 0 —and an elementary calculation shows that for any non negative subharmonic function
f inR" one has d/dr(r—™" fBr f)=0.
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Combining this identity to the inequality in (3.15), we obtain

1
/‘ |ww+@ﬁsi/’ VO + o)
Bp/Z(P) Bﬂ (p)

(3.16)
w3 [ ver
Bp(P)
which, accounting for (3.10), yields
2 1 2
|Vul < | = +3Cy |H| co |Vul~. (3.17)
By/2(p) 2 Bp(p)
If we adjust gy sufficiently small as to have 3 Cy |H| &g < 1/4, it follows
that
2 _ 3 2
|Vul|” < - [Vul|. (3.18)
Byy2(p) 48,

Iterating this inequality gives the existence of a constant & > 0 such that
for all p € By/2(0) and all r < p, there holds

r o
/ Wm25<—) / Vul?,
Br(p) Po D2

which implies (3.9). Accordingly, the solution # of the CMC equation is
Holder continuous.
Next, we infer from (3.9) and (3.1) the bound

sup o f |Au| < +o0. (3.19)
p<1/2, peBy2(0) B,(p)

A classical estimate on Riesz potentials gives

1
IVul(p) SCm*XB]/z |Aul+C YV p e Bj(0),

where x g, n is the characteristic function of the ball By /»(0). Together with
injections proved by Adams in [1], the latter shows that u € W'-9(B, 14(0))
forany g > (2—a)/(1 —a). Substituted back into (3.1), this fact implies
that Au € L" forsomer > 1. The equation then becomes subcritical, and
a standard bootstrapping argument eventually yields that u € C*. This
concludes the proof of the regularity of solutions of the CMC equation.
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3.2 Harmonic maps with values in the sphere S”

When the target manifold N” has codimension 1, the harmonic map
equation (2.26) becomes (cf. (2.30))

—Au =v(u) V(v(u)) - Vu, (3.20)

where u still denotes the normal unit-vector to the submanifold N"* C
R+ In particular, if N" is the sphere S”, there holds v(u) = u, and the
equation reads

—Au = u |Vul?. (3.21)

Another characterization of (3.21) states that the function u € W'2(D? S™)
satisfies (3.21) if and only if

UuAAu=0 in D'(D?). (3.22)
Indeed, any S"-valued map u obeys

2
0= A% =div(u Vu) = |Vu|* + u Au

so that Au is parallel to u as in (3.22) if and only if the proportionality is
—|Vu|?. This is equivalent to (3.21). Interestingly enough, J. Shatah [28]
observed that (3.22) is tantamount to

Vi,j=1---n+1 div(u' Vu; —u; Vu') = 0. (3.23)

This formulation of the equation for S”-valued harmonic maps enables
one to pass to the weak limit, just as we previously did in the CMC equa-
tion.

The regularity of S”-valued harmonic maps was obtained by F.
Hélein, [19]. It is established as follows.

For each pair of indices (i, j) in {1 ---n + 1}?, the equation (3.23)
reveals that the vector field ' Vu’/ — u’/ Vu' forms a curl term, and hence
there exists B} € W"? with

VLB;'. =u' Vuj—u; Vu'.
In local coordinates, (3.21) may be written

n+1
—Au' =Y "u Vuy - Vul. (3.24)
j=1
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We then make the field VLB;'. appear on the right-hand side by observing
that

n+1 n+l
>_uyVu' - Vul = Vu' -V (Z qu|2/2> = Vu' - Viul’/2 = 0.
Jj=1 j=I1

Deducting this null term from the right-hand side of (3.24) yields that for
alli =1---n+ 1, there holds

n+l1
—Au' = ZVLB; - Vu!
j=1
= 9,Bidyu’ — 8, B} o,u.
j=1

(3.25)

We recognize the same Jacobian structure which we previously employed
to establish the regularity of solutions of the CMC equation. It is thus
possible to adapt mutatis mutandis our argument to (3.25) so as to infer
that §"-valued harmonic maps are regular.

3.3 Hélein’s moving frames method and the regularity of harmonic
maps mapping into a manifold

When the target manifold is no longer a sphere (or, more generally, when
it is no longer homogeneous), the aforementioned Jacobian structure dis-
appears, and the techniques we employed no longer seem to be directly
applicable.

To palliate this lack of structure, and thus extend the regularity result to
harmonic maps mapping into an arbitrary manifold, F. Hélein devised the
moving frames method. The divergence-form structure being the result
of the global symmetry of the target manifold, Hélein’s idea consists in
expressing the harmonic map equation in preferred moving frames, called
Coulomb frames, thereby compensating for the lack of global symmetry
with “infinitesimal symmetries”.

This method, although seemingly unnatural and rather mysterious, has
subsequently proved very efficient to answer regularity and compactness
questions, such as in the study of nonlinear wave maps (see [12,29-31]).
For this reason, it is worthwhile to dwell a bit more on Hélein’s method.
We first recall the main result of F. Hélein.

Theorem 3.3 ([19]). Let N" be a closed C*-submanifold of R™. Sup-
pose that u is a harmonic map in W-2(D?*, N") that weakly satisfies the
harmonic map equation (2.26). Then u lies in C'* for all o < 1.
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Proof of Theorem 3.3 when N” is a two-torus

The notion of harmonic coordinates has been introduced first in gen-
eral relativity by Yvonne Choquet-Bruaht in the early fifties. She dis-
covered that the formulation of Einstein equation in these coordinates
simplifies in a spectacular way. This idea of searching optimal charts
among all possible “gauges” has also been very efficient for harmonic
maps into manifolds. Since the different works of Hildebrandt, Karcher,
Kaul, Jiger, Jost, Widman. ..etc. in the seventies it was known that the
intrinsic harmonic map system (2.18) becomes for instance almost “trian-
gular” in harmonic coordinates (x*), in the target which are minimizing
the Dirichlet energy |, y ldx® |§ dvol,. The drawback of this approach is
that working with harmonic coordinates requires to localize in the target
and to restrict only to maps taking values into a single chart in which
such coordinates exist! While looking at regularity question this assump-
tion is very restrictive as long as we don’t know that the harmonic map u
is continuous for instance. It is not excluded a priori that the weak har-
monic map u we are considering “covers the whole target” even locally
in the domain.

The main idea of Frederic Hélein was to extend the notion of har-
monic coordinates of Choquet-Bruhat by replacing it with the more flexi-
ble harmonic or Coulomb orthonormal frame, notion for which no local-
ization in the target is needed anymore. Precisely the Coulomb orthonor-
mal frames are mappings e = (e; - - - e,) from the domain D? into the
orthonormal basis of 7, N" minimizing the Dirichlet energy but for the
covariant derivatives D, in the target:

| Y e drdy = [ 3 lew Vel dxdy.
D? i=1 D?

i,k=1

where (-, -) denotes the canonical scalar product in R™.

We will consider the case when N” is a two-dimensional parallelizable
manifold (i.e. admitting a global basis of tangent vectors for the tangent
space), namely a torus 7’2 arbitrarily immersed into Euclidean space R™,
for m large enough. The case of the two-torus is distinguished. Indeed,
in general, if a harmonic map u takes its values in an immersed manifold
N", then it is possible to lift # to a harmonic map # taking values in a par-
allelizable torus (S')? of higher dimension. Accordingly, the argument
which we present below can be analogously extended to a more general
setting'3.

13 Although the lifting procedure is rather technical. The details are presented in [19, Lemma 4.1.2].
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Let u € W'2(D?, T?) satisfy weakly (2.26). We equip T2 with a
global, regular, positive orthonormal tangent frame field (e, &;). Let
¢ := (e, &) € WH2(D? R™ x R™) be defined by the composition

ei(x,y) :=¢gi(ulx,y)).

The map () is defined on D? and it takes its values in the tangent frame
field to T2. Define the energy

min / l(e1, Ver)|> dx dy, (3.26)
YyeWwl2(D2,R) J p2

where (-, -) is the standard scalar product on R™, and
e1(x, y) +iex(x, y) 1= eV (@1 (x, y) +iér(x, y)).

We seek to optimize the map (¢) by minimizing this energy over the
W!2(D?)-maps taking values in the space of rotations of the plane R? ~
Tu(x.yT?. Our goal is to seek a frame field as regular as possible in which
the harmonic map equation will be recast. The variational problem (3.26)
is well-posed, and it further admits a solution in W2, Indeed, there holds

|(e1. Ver) | = |V + (21, Vér) 1.
Hence, there exists a unique minimizer in W2 which satisfies
0 =div(Vy + (e1, Vep)) = div((er, Vey)). (3.27)

A priori, (e;, Ve,) belongs to L. But actually, thanks to the careful
selection brought in by the variational problem (3.26), we shall discover
that the frame field (e;, Ve,) over D? lies in W!!, thereby improving
the original L? belongingness'*. Because the vector field (e, Vey) is
divergence-free, there exists some function ¢ € W2 such that

(e1, Vey) = V*o. (3.29)

14 Further yet, owing to a result of Luc Tartar [33], we know that whl(D?yis continuously embed-
ded in the Lorentz space 121 (D2), whose dual is the Marcinkiewicz weak-L2 space L2*°°(D2),
whose definition was recalled in (2.9). A measurable function f is an element of L21 (D2) when-

ever
1

/OJrooHpeD2 1) > 2} di < +oo. (3.28)
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On the other hand, ¢ satisfies by definition

—A¢p = (Vey, Viey) = Z dyeld,e] — dceldyel. (3.30)
j=1

The right-hand side of this elliptic equation comprises only Jacobians
of elements of W2, This configuration is identical to those previously
encountered in our study of the constant mean curvature equation and of
the equation of $”-valued harmonic maps. In order to capitalize on this
particular structure, we call upon an extension of Wente’s Theorem 3.1
due to Coifman, Lions, Meyer, and Semmes.

Theorem 3.4 ([S]). Let a and b be two functions in WL2(D?), and let ¢
be the unique solution in WO1 "P(D?), for 1 < p < 2, of the equation

—A¢p =dadb—dbda inD?

3.31
=0 on dD>. (3-31)
Then ¢ lies in W>' and
IV2llL1p2) < Cr IVall 22 VB 202, (3.32)

where Cy is a constant independent of a and b."

Applying this result to the solution ¢ of (3.30) then reveals that (e;,Ve,)
is indeed an element of W',

We will express the harmonic map equation (2.26) in this particular
Coulomb frame field, distinguished by its increased regularity. Note that
(2.26) is equivalent to

(Au,e;) =0

(Au, e;) = 0. (3.33)

Using the fact that

oxu, dyu € T,N" = vec{ey, e»}
(Ver,e1) = (Vey, e2) =0
(Vey,e2) + (e, Vey) =0

15 Theorem 3.1 is a corollary of Theorem 3.4 owing to the Sobolev embedding w21(p2) c wl2n
€Y. In the same vein, Theorem 3.4 was preceded by two intermediary results. The first one, by Luc
Tartar [32], states that the Fourier transform of V¢ lies in the Lorentz space L% which also implies
Theorem 3.1. The second one, due to Stefan Miiller, obtains the statement of Theorem 3.4 under the
additional hypothesis that the Jacobian dya dyb — dxb dya be positive.
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we obtain that (3.33) may be recast in the form

div((ey, Vu)) = —(Vea, e1) - (e2, Vu) (3.34)
div((ea, Vu)) = (Vey, e1) - (e1, Vu). '
On the other hand, there holds
{rot((el, Vu)) = —<Lvlez, e1) - (e2, Vit) 335
rot((ep, Vu)) = (V—es, 1) - (e1, Vu).

We next proceed by introducing the Hodge decompositions in L? of the
frames (e;, Vu), fori € {1, 2}. In particular, there exist four functions C;
and D; in W'? such that

(e;, Vu) = VC; + V1 D;.
Setting W := (Cy, Ca, Dy, D;), the identities (3.34) and (3.35) become
—AW=Q-VW, (3.36)

where €2 is the vector field valued in the space of 4 x 4 matrices defined
by
0 —Vip 0 —V¢
Vi 0 Ve 0

Q= ) 3.37
0 Vo 0 —Vig (5.37)

-V 0 Vip 0

Since ¢ € W21 the following Theorem 3.5 implies that VW, and hence
Vu, belong to L? for some p > 2, thereby enabling the initialization of a
bootstrapping argument analogous to that previously encountered in our
study of the CMC equation. This procedure yields that u lies in W24
for all g < 4-00. Owing to the standard Sobolev embedding theorem, it
follows that u € C'*, which concludes the proof of the desired Theo-
rem 3.3 in the case when the target manifold of the harmonic map u is
the two-torus.

Theorem 3.5. Let W be a solution in W'2(D?, R") of the linear system

—AW=Q -VW, (3.38)
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where Q is a W vector field on D? taking values in the space of n x
n matrices. Then W belongs to Wl’p(Bl/z(O)), for some p > 2. In
particular, W is Holder continuous'® 7.

Proof of Theorem 3.5. Just as in the proof of the regularity of solutions
of the CMC equation, we seek to obtain a Morrey-type estimate via the
existence of some constant & > 0 such that

sup p‘“/ [AW| < +00. (3.39)
[)EB]/Q(O) , 0<p<l1/4 By(p)

The statement of the theorem is then a corollary of an inequality involving
Riesz potentials (cf. [1] and the CMC equation case on pagel37 above).

Let &g > 0 be some constant whose size shall be in due time adjusted
to fit our needs. There exists some radius py such that for every r < pg
and every point p € Bj,;(0), there holds

”Q”sz](Br(p)) < &p.

Note that we have used the aforementioned continuous injection W'! c
L>'

Henceforth, we consider r < pg. On B, (p), we introduce the decom-
position W = ® 4+ V, with

A®=Q-VW in B,(p)
®=0 on dB,(p).

A classical result on Riesz potentials (c¢f. [1]) grants the existence of a
constant Cy independent of » and such that

V@Il 25, < Co / Q. vw|
Br(P)

< Coll R 21, (py) IV Wl 2005,y (3.40)

< Coeo IVWl 208, (p))-

16 The statement of Theorem 3.4 is optimal. To see this, consider # = loglog1/r = W. One
verifies easily that u € Wl*z(Dz, T2) satisfies weakly (2.26). Yet, Q = Vu fails to be wll, owing

to
L ar
T = too.
0 rlog

17 The hypothesis © € wi1 may be replaced by the condition that Q2 € L1
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As for the function V, since it is harmonic, we can call upon Lemma 3.2
to deduce that for every 0 < 6 < 3/4 there holds

2 2
VY25 = IV VL2850

48\ V2
< ? ” VI|L2(B3V/4(17)) (3~41)

45\ )
= Cl ? ||VV”L2’°°(Br(p))’

where C| is a constant independent of 7. Indeed, the L>*-norm of a
harmonic function on the unit ball controls all its other norms on balls of
radii inferior to 3/4.

We next choose § independent of r and so small as to have C, (%)2 <
1/16. We also adjust & to satisfy Coeg < 1/8. Then, combining (3.40)
and (3.41) yields the following inequality

1
VW L2085 (py) = 5 IVWIl L2008, (p))» (3.42)

valid for all < pg and all p € B;/>(0).
Just as in the regularity proof for the CMC equation, the latter is iter-
ated to eventually produce the estimate

oup P IV Wl 2008, (py) < +00. (3.43)
pEB12(0) , 0<p<l1/4

Calling once again upon the duality L>! — L*°, and upon the upper
bound on [|€2]| 2.1 (p2) provided in (3.43), we infer that

sup PN VWL, < +00, (3.44)
PEB12(0) , 0<p<1/4

thereby giving (3.39). This concludes the proof of the desired state-
ment. O

4 The regularity of critical points to quadratic, coercive
and conformally invariant Lagrangians in two dimension:
the proof of Hildebrandt’s conjecture
The methods which we have used up to now to approach Hildebrandt’s
conjecture and obtain the regularity of W!2 solutions of the generic sys-

tem
Au+ A(u)(Vu,Vu) = H(u)(VLu, Vu) “4.1)

rely on two main ideas:
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i) recast, as much as possible, quadratic nonlinear terms as linear com-
binations of Jacobians or as null forms;

ii) project equation (4.1) on a moving frame (e; - --e,) satisfying the
Coulomb gauge condition

Vi, j=1---m div((e;, Ve;)) =0.

Both approaches can be combined to establish the Holder continuity of
W12 solutions of (4.1) when the target manifold N” is C?, and when
the prescribed mean curvature H is Lipschitz continuous (see [2,4, 19]).
Seemingly, these are the weakest possible hypotheses required to carry
out the above strategy.

However, to fully solve Hildebrandt’s conjecture, one must replace the
Lipschitzean condition on H by its being an element of L°°. This makes
quite a difference!

Despite its evident elegance and verified usefulness, Hélein’s moving
frames method suffers from a relative opacity'®: what makes nonlineari-
ties of the form

Aw)(Vu, Vu) — Hw)(V+tu, Vu)

so special and more favorable to treating regularity/compactness matters
than seemingly simpler nonlinearities, such as

2
IVul,

which we encountered in Section 1?7

The moving frames method does not address this question.

We consider a weakly harmonic map u with finite energy, on D? and
taking values in a regular oriented closed submanifold N* C R"*! of
codimension 1. We saw at the end of Section 2 that u satisfies the equa-
tion

—Au =v(u) V(v(u)) - Vu, “4.2)

where v is the normal unit-vector to N” relative to the orientation of N”.

18 Yet another drawback of the moving frames method is that it lifts an N”-valued harmonic map,
withn > 2, to another harmonic map, valued in a parallelizable manifold (S 1 of higher dimension.
This procedure requires that N have a higher regularity than the “natural” one (namely, C 5in place
of C?). Tt is only under this more stringent assumption that the regularity of N"-valued harmonic
maps was obtained in [3] and [19]. The introduction of Schrodinger systems with antisymmetric
potentials in [27] enabled to improve these results.
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In local coordinates, (4.2) may be recast as
) ) n+1 )
—Au =v@) Y V@) -Vul  Yi=1-n4l (43)
Jj=1
In this more general framework, we may attempt to adapt Hélein’s oper-

ation which changes (3.24) into (3.25). The first step of this process is
easily accomplished. Indeed, since Vu is orthogonal to v(u), there holds

n+1

> i) Vul =0.

J=1

Substituting this identity into (4.4) yields another equivalent formulation
of the equation satisfied by N"-valued harmonic maps, namely

n+1

—Au' = Z (@) Vo) —vw); Vo)) - Vu'. (4.4)

Jj=1

On the contrary, the second step of the process can not a priori be ex-
tended. Indeed, one cannot justify that the vector field

v() V@)); —vw); V(u))'

is divergence-free. This was true so long as N" was the sphere S”, but
it fails so soon as the metric is ever so slightly perturbed. What remains
however robust is the antisymmetry of the matrix

Q= (v(w) V(v(u); — v(u), V(v(u))")l.,jzl__.nﬂ . 4.5)

It turns out that the antisymmetry of 2 lies in the heart of the problem
we have been tackling in these lecture notes. The following result sheds
some light onto this claim.

Theorem 4.1 ([24]). Let 2 be a vector field in L>*(AN'D?* ® so(m)), thus
takings values in the space antisymmetric m X m matrices so(m). Sup-
pose that u is a map in W2 (D?, R™) satisfying the equation’

—Au=-Vu in D/(D?. (4.6)

19 In local coordinates, (4.6) reads

m
Ayl — iyl N
Au_;Qj Vu Vi=1---m.
iz
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Then there exists some p > 2 such thatu € WIL’CP (D?, R™). In particular,
u is Holder continuous. U

Prior to delving into the proof of this theorem, let us first examine some
of its implications towards answering the questions we aim to solve.

First of all, it is clear that Theorem 4.1 is applicable to the equation
(4.4) so as to yield the regularity of harmonic maps taking values in a
manifold of codimension 1.

Another rather direct application of Theorem 4.1 deals with the solu-
tions of the prescribed mean curvature equation in R?,

Au = 2H(u) dyu x dyu in  D'(D?.
This equation can be recast in the form
Au = Huw)V+tu x Vu.
Via introducing

0 —Vius Viu,
Q:=H®u)| V'tus 0 —Viu
—VLMZ VLul 0

we observe successively that  is antisymmetric, that it belongs to L?
whenever H belongs to L°°, and that u satisfies (4.6). The hypotheses
of Theorem 4.1 are thus all satisfied, and so we conclude that that u is
Holder continuous.

This last example outlines clearly the usefulness of Theorem 4.1 to-
wards solving Hildebrandt’s conjecture. Namely, it enables us to weaken
the Lipschitzean assumption on H found in previous works ([2, 16-18]),
by only requiring that H be an element of L*°. This is precisely the con-
dition stated in Hildebrandt’s conjecture. By all means, we are in good
shape.

In fact, Hildebrandt’s conjecture will be completely resolved with the
help of the following result.

Theorem 4.2 ([24]). Let N" be an arbitrary closed oriented C*-sub-
manifold of R", with 1 < n < m, and let ® be a C! two-form on N”".
Suppose that u is a critical point in W'2(D?, N") of the energy

1
E®®u) = 3 fz |Vul>(x, y) dx dy + u*w.
D

Then u fulfills all of the hypotheses of Theorem 4.1, and therefore is
Holder continuous.
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Proof of Theorem 4.2. The critical points of £ satisfy theequation (2.25),
which, in local coordinates, takes the form

Au' == 3" Hi @) Vit Vul = 3" AL ) Vit Vel @)
jk=1 Jk=1

fori = 1---m. Denoting by (&;);=1..., the canonical basis of R™, we first
observe that since '
H)y(2) = dw, (g, €, &)

the antisymmetry of the 3-form dw yields for every z € R™ the identity
H;k(z) = —H,-Jk(z). Then, (4.7) becomes

) 1 & . ; LI .
Au'==2 3 (Hj )—Hi @) V- Vul=y 0 Al ) Vu'-Vul. (4.8)

Jok=1 Jrk=1

On the other hand, A(u)(U, V) is orthogonal to the tangent plane for
every choice of vectors U and V. In particular, there holds

ZAl-jkV”jZO Vik=1---m. 4.9)
j=1

Inserting this identity into (4.8) produces

Au' = =" (Hiy(u) — Hi(w) V'u - Vul
P (4.10)
= > (Al ) — Al () Vut - V.
jk=1
The m x m matrix Q := (Qi.),-,jzl..im defined via
Q= (Hiy () — Hi () Vi + (AL () — Al (w) Vut,
k=1 k=1

is evidently antisymmetric, and it belongs to L2. With this notation,
(4.10) is recast in the form (4.6), and thus all of the hypotheses of Theo-
rem 4.1 are fulfilled, thereby concluding the proof of Theorem 4.2.  [J

by Rigorously speaking, A is only defined for pairs of vectors which are tangent to the surface.
Nevertheless, A can be extended to all pairs of vectors in R” in a neighborhood of N” by applying
the pull-back of the projection on N". This extension procedure is analogous to that outlined on
page 130.
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On the conservation laws for Schrodinger systems
with antisymmetric potentials

Per the above discussion, there only remains to establish Theorem 4.1
in order to reach our goal. To this end, we will express the Schrodinger
systems with antisymmetric potentials in the form of conservation laws.
More precisely, we have

Theorem 4.3 ([24]). Let Q be a matrix-valued vector field on D?* in
L>(A'D?, so(m)). Suppose that A and B are two W'? functions on D>
taking their values in the same of square m x m matrices which satisfy

the equation
VA— AQ = —-V'B. 4.11)

If A is almost everywhere invertible, and if it has the bound
1A o2 + 1A 2y < +00, 4.12)

then u is a solution of the Schrodinger system (4.6) if and only if it satis-
fies the conservation law

div(AVu — BV+tu) = 0. (4.13)

If (4.13) holds, then u € WIL’CP(DZ,R’") forany 1 < p < 400, and
therefore u is Holder continuous in the interior of D?, C l%f‘ (D?) for any
a<l.

We note that the conservation law (4.13), when it exists, generalizes
the conservation laws previously encountered in the study of problems
with symmetry, namely:

1) In the case of the constant mean curvature equation, the conservation
law (3.1) is (4.13) with the choice

Aij = 8ij,

and
0 —H us Hu2

B = H us 0 —H uq
—H uy H up 0
2) In the case of S”-valued harmonic maps, the conservation law (3.25)
is (4.13) for
Ajj =6
and B = (B;) with

VLB; =u Vu;—u; Vu'.
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The ultimate part of this section will be devoted to constructing A and
B, for any given antisymmetric 2, with sufficiently small L?-norms (cf.
Theorem 4.5 below). As a result, all coercive conformally invariant La-
grangians with quadratic growth will yield conservation laws written in
divergence form. This is quite an amazing fact. Indeed, while in cases of
the CMC and S”-valued harmonic map equations the existence of con-
servation laws can be explained by Noether’s theorem?!, one may won-
der which hidden symmetries yield the existence of the general diver-
gence form (4.13)? This profound question shall unfortunately not be
addressed here.

Prior to constructing A and B in the general case, we first establish
Theorem 4.3.

Proof of Theorem 4.3. The first part of the theorem is the result of the
elementary calculation,

div(AVu — BV*u) = AAu+VA-Vu—VB-Vtu
=AAu+ (VA+V*tB)-Vu
= A(Au+ Q- Vu) =0.

Regularity matters are settled as follows. Just as in the previously en-
countered problems, we seek to employ a Morrey-type argument via the
existence of some constant & > 0 such that

sup ,0"‘/ |Au| < 4o00. (4.14)
p€B12(0) , 0<p<l1/4 B,(p)

The fact that Vu belongs to Lﬁ)C(Dz) for some p > 2 is then deduced
through calling upon the inequalities in [1], exactly in the same manner
as we previously outlined. Finally once we know that Vu belongs to
L? (D?) for some p > 2 we deduce the whole regularity result stated
in the theorem by using the following lemma which can be proved using

classical arguments.

Lemmad44. Letm € N\ {0} and u € Wli’cp(Dz, R™) for some p > 2
satisfying
—Au=Q-Vu

21 Roughly speaking, symmetries give rise to conservation laws. In both the CMC and S”-harmonic
map equations, the said symmetries are tantamount to the corresponding Lagrangians being invariant
under the group of isometries of the target space R".
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where*> Q € L*(D*, M,,(R) @ R?) then u € WIL’Cq(DZ,Rm) for any
q < +o00.

Let &g > 0 be some constant whose value will be adjusted in due time
to fit our needs. There exists a radius py such that for every r < py and
every point p in By>(0), there holds

/ IVA|? + |VB|? < &. (4.15)
B (p)

Henceforth, we consider only radii » < pqg.
Note that AVu satisfies the elliptic system

div(AVu) = VB - V'u = 3,B d,u — 3, B d,u
rot(AVu) = —VA-V+iu = 9, Adu — d,Ad,u.

We proceed by introducing on B, (p) the linear Hodge decomposition in
L? of AVu. Namely, there exist two functions C and D, unique up to ad-
ditive constants, elements of Wol’z(B, (p)) and W'2(B, (p)) respectively,
and such that

AVu = VC + V*D. (4.16)

To see why such C and D do indeed exist, consider first the equation

AC =div(AVu) = 0,B o,u — 0,Boyu in B,(p)
4.17)
C=0 on 0B, (p).

Wente’s Theorem (3.1) guarantees that C lies in W2, and moreover

/ |VC|2§C0/ |VB|2/ |Vul|?. (4.18)
B (p) Br(p) Br(p)

By construction, div(AVu — VC) = 0. Poincaré’s lemma thus yields the
existence of D in W2 with V4D := AVu — VC, and

/ |VD|2§2/ |AVul® + |VC|?
Br(p) B (p)

4.19)
sznAnoo/ |VM|2+2C0/ |VB|? |Vul.
B (p) B (p) B (p)

22 Observe that in this lemma no antisymmetry assumption is made for € which is an arbitrary
m x m—matrix valued L2—vectorfield on D2,
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The function D satisfies the identity
AD=—-VA-Viu=203A0u—2d,Adu.

Just as we did in the case of the CMC equation, we introduce the decom-
position D = ¢ + v, with ¢ fulfilling
A¢p =0,Adyu —0,Adu in B.(p)
(4.20)
$»=0 on 9B.(p)

and with v being harmonic. Once again, Wente’s Theorem 3.1 gives us
the estimate

/ |V¢|2§C0/ |VA|2/ Vul. @21)
B (p) Br(p) B-(p)

The arguments which we used in the course of the regularity proof for
the CMC equation may be recycled here so as to obtain the analogous
version of (3.16), only this time on the ball Bs,(p), where 0 < § < 1 will
be adjusted in due time. More precisely, we find

/ IVD|? 5252/ IVD|?
Bsr(p) B, (p)

+3/ Vo>
B (p)

Bringing altogether (4.15), (4.18), (4.19), (4.21) and (4.22) produces

/ |AVul|? 5332/ |AVul?
Bsr(p) B (p)

+C; € f |Vul?.
B (p)

Using the hypotheses that A and A~! are bounded in L, it follows from
(4.23) that for all 0 < § < 1, there holds the estimate

/ |Vu|253||A—1||oo||A||oo62/ VuP
Bs,(p) B (p)

+Cy 1A et / Vul.

B, (p)

4.22)

(4.23)

(4.24)

Next, we choose &y and § strictly positive, independent of r and p, and
such that

1
3IA™ oo 1All0e8? + C1 | A o0 = 5
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For this particular choice of §, we have thus obtained the inequality

1
/ VP < —/ Vul.
Bsr (p) 2 /B

Iterating this inequality as in the previous regularity proofs yields the
existence of some constant & > 0 for which

sup p_zo‘/ [Vu|? < +00.
PEB12(0) , 0<p<1/4 B,(p)

Since |Au| < |2| |Vu|, the latter gives us (4.14), thereby concluding the
proof of Theorem 4.3. 0

There only now remains to establish the existence of the functions A
and B in W2 satisfying the equation (4.11) and the hypothesis (4.12).

The construction of conservation laws for systems
with antisymmetric potentials, and the proof of Theorem 4.1

The following result, combined to Theorem 4.3, implies Theorem 4.1, it-
self yielding Theorem 4.2, and thereby providing a proof of Hildebrandt’s
conjecture, as we previously explained.

Theorem 4.5 ([24]). There exists a constant g(m) > 0 depending only
on the integer m, such that for every vector field @ € L*>(D?, so(m)) with

/ 1212 < go(m), (4.25)
D2

it is possible to construct A € L*(D?* Gl,(R)) N W'2 and B €
W2(D?, M,,(R)) with the properties

i f VAP + |dist(A, SO@m) ||, < Clm) / QR @26)
D2 D2
i) VqgA:=divVA — AQ = —VLB, 4.27)

where C(m) is a constant depending only on the dimension m.

Prior to delving into the proof of Theorem 4.5, a few comments and
observations are in order.

Glancing at the statement of the theorem, one question naturally arises:
why is the antisymmetry of 2 so important?

It can be understood as follow.
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In the simpler case when €2 is divergence-free, we can write 2 in the
form
Q= Vg,

for some ¢ € W'2(D?, so(m)). In particular, the statement of Theo-
rem 4.5 is settled by choosing

Aij = (Sij and B,‘j = Sij- (428)

Accordingly, it seems reasonable in the general case to seek a solution
pair (A, B) which comes as “close” as can be to (4.28). A first ap-
proach consists in performing a linear Hodge decomposition in L? of
Q. Hence, for some £ and P in W2, we write

Q=vVie—vP. (4.29)
In this case, we see that if A exists, then it must satisfy the equation
AA=VA. Ve —div(AVP). (4.30)

This equation is critical in W'2. The first summand VA - V£ on the
right-hand side of (4.30) is a Jacobian. This is a desirable feature with
many very good analytical properties, as we have previously seen. In
particular, using integration by compensation (Wente’s Theorem 3.1), we
can devise a bootstrapping argument beginning in W'2. On the other
hand, the second summand div(AV P) on the right-hand side of (4.30)
displays no particular structure. All that we know about it, is that A
should a-priori belong to W2, But this space is not embedded in L,
and so we cannot a priori conclude that AV P lies in L2, thereby obstruct-
ing a successful analysis. ..

However, not all hope is lost for the antisymmetric structure of 2
still remains to be used. The idea is to perform a nonlinear Hodge de-
composition” in L% of Q. Thus, let £ € W'2(D? so(m)) and P be a
W2 map taking values in the group SO (m) of proper rotations of R”,
such that

Q=pPVigpt—_vppL 4.31)

At first glance, the advantage of (4.31) over (4.30) is not obvious. If
anything, it seems as though we have complicated the problem by hav-
ing to introduce left and right multiplications by P and P~!. On sec-
ond thought, however, since rotations are always bounded, the map P in

23 Which is tantamount to a change of gauge.
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(4.31) is an element of W!2 N L>, whereas in (4.30), the map P be-
longed only to W2, This slight improvement will actually be sufficient
to successfully carry out our proof. Furthermore, (4.31) has yet another
advantage over (4.30). Indeed, whenever A and B are solutions of (4.27),
there holds

Vyie(AP) = V(AP) — (AP) V&
=VAP+AVP— AP (P'QP+ P7'VP)
= (VqA)P = —V*B P.

Hence, via setting A= AP, we find
AA=VA-VE+ViB.VP. (4.32)

Unlike (4.30), the second summand on the right-hand side of (4.32) is a
linear combination of Jacobians of terms which lie in W2, Accordingly,
calling upon Theorem 3.1, we can control A in L® N W'2. This will
make a bootstrapping argument possible.

One point still remains to be verified. Namely, that the nonlinear
Hodge decomposition (4.31) does exist. This can be accomplished with
the help of a result of Karen Uhlenbeck?*.

Theorem 4.6 ([24,35]). Let m € N. There are two constants €(m) > 0

and C(m) > 0, depending only on m, such that for each vector field
Q e L*(D?, so(m)) with

/ Q7 < e(m),
D2

there exist € € WH2(D?, so(m)) and P € W'2(D?, SO(m)) satisfying

Q=pPViept—vpp, (4.33)
E=0 on 9dD? (4.34)
and
f vEP +/ PP <cm [ 1o (4.35)
D? D? D?

21 reality, this result, as it is stated here, does not appear in the original work of Uhlenbeck.
In [24], it is shown how to deduce Theorem 4.6 from Uhlenbeck’s approach.
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Proof of Theorem 4.5. Let P and & be as in Theorem 4.6. To each A €
L* N W'2(D* M, (R)) we associate A = AP. Suppose that A and B
are solutions of (4.27). Then A and B satisfy the elliptic system

AA=VA.-VE4+ViB.VP

- L= (4.36)
AB = —div(AVE P~y 4+ vtA.vpL
We first consider the invertible elliptic system
AA=VA -V'€+V'B.VP
AB = —div(AVE P+ VIA.vp~!
dA
1— =0 and B=0 on 9D? (4.37)
av
/ A=nx?1d,
D2

where A and B are arbitrary functions in L>° N W2 and in W2 respec-
tively. An analogous version? of Theorem 3.1 with Neumann boundary
conditions in place of Dirichlet conditions, we deduce that the unique
solution (A, B) of (4.36) satisfies the estimates

f|vA|2+||A—1dm||§oscf |vA|2/ VEP
D2 D2 D2

(4.38)
+Cf |VB|2/ |IVP?,
D? D?
and
fz V(B ~ By < C|| A~ Idm||§of2 IVEP
b b (4.39)
+c/ |VA|2/ VP,
D? D?
where B is the solution in W2 of
ABy = —div(VE P~') in D?
0 w(vE PT) in , (4.40)
By=0 on dD~.

25 Whose proof is left as an exercise.
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Hence, if

[ wprsiver
D

is sufficiently small (this can always be arranged owing to (4.35) and
the hypothesis (4.25)), then a standard fixed point argument in the space
(LOo Nnwh2(D?, Mm(R))) x WH2(D?, M, (R)) yields the existence of
the solution (A, B) of the system

AA=VA-V'¢+ViB.VP
AB = —div(AVE Py + VtA.vp~!

9A .
— =0 and B=0 on 0D? (@.41)
ov

/A:nzldm.

DZ

By construction, this solution satisfies the estimate (4.26) with A =
APl
The proof of Theorem 4.5 will then be finished once it is established
that (A, B) is a solution of (4.27).
To do so, we introduce the following linear Hodge decomposition in
L?:
VA— AVYE +V*B P =VC+V'D

where C = 0 on 9 D?. The first equation in (4.41) states that AC = 0, so
that C = 0 in D?. The second equation in (4.41) along with the boundary
conditions implies that D satisfies

diviVD P~ =0 in D?

4.42

D=0 on dD?. ( )
Thus, there exists E € W'2(D?, M, (R)) such that
—AE=V'D-VP™' inD?

oFE (4.43)

— =0 on d D?.
av

The analogous version of Theorem 3.1 with Neumann boundary condi-
tions yields the estimate

f2 IVE| < Cy /2 |IVD|? /2 VP2, (4.44)
D D D
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Moreover, because VD = V- E P, there holds |[VD| < |VE|. Put into
(4.44), this shows that if | D2 |V P|? is chosen sufficiently small (i.e. for
go(m) in (4.25) small enough), then D = 0. Whence, we find

VA— AV +VIBP =0 in D?
thereby ending the proof of Theorem 4.5. O

5 A PDE version of the constant variation method
for Schrodinger Systems with anti-symmetric potentials

In this part we shall look at various, a-priori critical, elliptic systems with
antisymmetric potentials and extend the approach we developed in the
previous section in order to establish their hidden sub-critical nature. Be-
fore to do so we will look at what we have done so far from a different
perspective than the one suggested by the “gauge theoretic” type argu-
ments we used.

In 2 dimension, in order to prove the sub-criticality of the system

—Au = Q- Vu, 5.1

where u € W'"2(D?,R™) and Q € L%*(A'D?, so(m)) — sub-criticality
meaning that the fact that u solves (5.1) imply that it is in fact more
regular than the initial assumption z € W2 — we proceeded as follows:
we first constructed a solution of the equation

div(VPP™Y =div(PQP™), (5.2)

and multiplying Vu by the rotation P in the equation (5.1) we obtain that
it is equivalent to

—div(P Vu) = V& - P Vu, (5.3)

where
Vie.=—vrPpP '+ PQP L

Then in order to have a pure Jacobian in the right hand side to (5.3) we
looked for a replacement of P by a perturbation of the form A := (Id,, +
¢) P where ¢ is a m x m matrix valued map hopefully small in L* N
W12 This is obtained by solving the following well posed problem in
W2 N L>® — due to Wente’s theorem —

div(VeP) = div((Id,, + €) V*£€ P) in D?

5.4
e=0 on d D2. (5-4)
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Posing V4B := Ve P —(Id,, +¢) V& P equation (5.1) becomes equiv-
alent to
—div(AVu) = V1B - Vu. (5.5)

Trying now to reproduce this procedure in one space dimension leads to
the following. We aim to solve

—u"'=Qu (5.6)

where 1 : [0,1] > R”™and 2 : [0, 1] — so(m). We then construct a
solution P to (5.3) which in one dimension becomes

(PPN =PQP.
A special solution is given by P solving
PP =Q. (5.7)
Computing now (Pu’)’ gives the 1-D analogue of (5.3) which is
(Pu') =0, (5.8)

indeed the curl operator in one dimension is trivial, and jacobians too,
since curl-like vector fields corresponds to functions f satisfying div f =
/' = 0 and then can be taken equal to zero. At this stage it is not neces-
sary to go to the ultimate step and perturb P into (Id,, + ¢) P since the
right hand side of (5.8) is already a pure 1-D jacobian (that is zero !) and
since we have succeeded in writing equation (5.6) in conservative form.

The reader has then noticed that the 1-D analogue of our approach to
write equation (5.1) in conservative form is the well known variation
of the constant method: a solution is constructed to some auxiliary
equation — (5.2) or (5.7) — which has been carefully chosen in order to
absorb the “worst” part of the right hand side of the original equation
while comparing our given solution to the constructed solution of the
auxiliary equation.

We shall then in the sequel forget the geometrical interpretation of the
auxiliary equation (4.33) in terms of gauge theory that we see as being
specific to the kind of equation (5.1) we were looking at and keep the gen-
eral philosophy of the classical variation of the constant method for Or-
dinary Differential Equations that we are now extending to other classes
of Partial Differential Equations different from (5.1).

We establish the following result.
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Theorem 5.1 ([26]). Let n > 2 and m > 2; there exists g > 0 and
C > 0 such that for any Q € L"*(B", so(m)) there exists A € L™ N
W2n/2(B", Gl,,(R)) satisfying

i) | Allw2orzany < C 120 oo, (5.9)

i) AA+ AQ =0. (5.10)

Moreover for any map v in L"/"=2(B" R™) and Av € L'(B", R™)
—Av=Quv<=div(AVv—VAv) =0 (5.11)

and we deduce that v € L},

Remark 5.2. Again the assumptions v € L@ 2(B" R™) and Q €
L"?(B", so(m)) make equation (5.11) critical in dimension n: Insert-
ing this information in the right hand side of (5.11) gives Av € L' which
implies in return v € L2 \Which corresponds to our definition of

loc
being critical for an elliptic system.

(B").

Remark 5.3. We have then been able to write critical systems of the kind
—Av = Qv in conservative form whenever €2 is antisymmetric. This
“factorization of the divergence” operator is obtain through the construc-
tion of a solution A to the auxiliary equation AA + A Q2 = 0 exactly
like in the constant variation method in 1-D, a solution to the auxil-
iary equation A” + A Q = 0 permits to factorize the derivative in the
ODE given by —z” = Qz which becomes, after multiplication by A:
(A7l —A'z) =0.

Proof of Theorem 5.1 for n = 4. The goal again here, like in the previous
sections, is to establish a Morrey type estimate for v that could be re-
injected in the equation and converted into an L{ = due to Adams result
in [1].

We shall look for some map P from B* into the space SO (m) solving
some ad-hoc auxiliary equation. Formal computation — we still don’t kow
which regularity for P we should assume at this stage — gives

—A(Pv) = —-APv— PAv—2VP - -Vv
=(APP '+ PQPT") Pu (5.12)
—2div(VP P! Po).
In view of the first term in the right hand side of equation (5.12) it is

natural to look for A P having the same regularity as 2 that is L. Hence
we are looking for P € W22(B*, SO(m)). Under such an assumption
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the second term in the right hand side is not problematic while working
in the function space L? for v indeed, standard elliptic estimates give

||A61 (diV(VP p! Pv)) ||L2(B4) = ||VP||L4(B4) ||v||L2(B4) (5.13)

where A ! is the map which to f in W~"%/3 assigns the function u in
W43 (B%) satisfying Au = f and equal to zero on the boundary of
B*. Hence, if we localize in space that ensures that ||V P|| L4+ 1s small
enough, the contribution of the second term of the right hand side of
(5.12) can be “absorbed” in the left hand side of (5.12) while working
with the L? norm of v. O

The first term in the right hand side of (5.12) is however problematic
while intending to work with the L? norm of v. It is indeed only in L'
and such an estimate does not give in return an L? control of v. It is then
tempting to look for a map P solving an auxiliary equation in such a way
that this term vanishes. Unfortunately such a hope cannot be realized due
to the fact that when P is a map into the rotations

PQ P !'eso(m) but a-priori AP p! ¢ so(m).

The idea is then to cancel “as much as we can” in the first term of the right
hand side of (5.12) by looking at a solution to the following auxiliary
equation?®:

ASym(APP )+ PQP'=0 (5.14)
where A Sym(A P P~') is the antisymmetric part of AP P~! given by

ASym(APP™"):=—(APP'—PAP).

| =

Precisely the following proposition holds

Proposition 5.4. There exists ¢g > 0 and C > 0 such that for any Q2 €
L?(B*, so(m)) satisfying || ;2 < o there exists P € W>2(B*, SO (m))
such that

ASym(APP™H+PQP'=0

and
”VP“WI*Z(B“) S C ”Q||L2(B4)' (515)

26 Which does not have, to our knowledge, a geometric relevant interpretation similar to the
Coulomb Gauge extraction we used in the previous section.
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Taking the gauge P given by the previous proposition and denoting w :=
P v the system (5.12) becomes

Lrw:=—Aw— (VP P H? w+2div(VP Plw) =0, (5.16)
where we have used that

Symm(APP™ ") =2""(APP™' = PAP")
=2"'div(vPP '+ PVP')—VP.VP"!
=—(VPP )%

Denote for any Q € W>2(B*, M,,(R)) L} Q the “formal adjoint” to Lp
acting on Q

LyQ:=—AQ—-2VQ-VP P ' —Q (VP P}

In order to factorize the divergence operator in (5.16) it is natural to look
for Q satisfying £5 Q = 0. One has indeed

0=wlpQ—QLpw

) . (5.17)
=div(QVw —[VQ +20VP P ' w).

It is not so difficult to construct Q solving £, Q = 0 for a Q €
W2P(B* M, (R)) (for p < 2). However, in order to give a meaning
to (5.17) we need at least Q € W22 and, moreover the invertibility of the
matrix Q almost everywhere is also needed for the conservation law. In
the aim of producing a Q € W*?(B*, G1,,(R)) solving £ Q = 0 it is
important to observe first that —(V P P~!)? is a non-negative symmetric
matrix?’ but that it is in a smaller space than L?: the space L>!. Combin-
ing the improved Sobolev embeddings®® space W!2(B*) — L*?(B%)
and the fact that the product of two functions in L*? is in L*>! (see [33])
we deduce from (5.15) that

I(VP P2 254 < ClQL: g (5.18)

Granting these three important properties for —(VPP~')? (symmetry,
positiveness and improved integrability) one can prove the following re-
sult (see [26]).

27 Indeed it is a sum of non-negative symmetric matrices: each of the matrices ij P P~ !is anti-

symmetric and hence its square (dy : PP HZjs symmetric non-positive.

28 L4*2(B4) is the Lorentz space of measurable functions f such that the decreasing rearrangement
F* of f satisfies [t~ 1/2(f*)2(r) dt < +oo.
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Theorem 5.5. There exists ¢ > 0 such that
VP € W»*(B*,SO(m)) satisfying  |[VP|lyi254 < &
there exists a unique Q € W>? N L>®(B*, Gl,,(R)) satisfying

—AQ—-2VQ-VPP'—Q (VPP 1) =0

0 =1Id, on dB* (5.19)
and
10 = TdyllLerw22 < C IV P10 (5.20)
Taking A := P Q we have constructed a solution to
AA+AQ =0 (5.21)
such that
l[dist(A, SO(m))lloc + 1A — Id]ly22 < C [IK2]|12 (5.22)

and then for any map v in L2(B*, R™) the following equivalence holds
—Av = Qv <= div(AVv — VAv) =0. (5.23)
Having now the equation —Av = Qv in the form
div(Vw —2VAA™ ' w) =0

where w := A v permits to obtain easily the following Morrey estimate:
Vp<1

Vp <1 sup r—”/ lw|? < +o0, (5.24)

x0€B,(0), r<l—p B, (x0)

for some v > 0. As in the previous sections one deduces using Adams
embeddings that w € L{ . for some ¢ > 2. Bootstrapping this informa-
tion in the equation gives v € LY (see [26] for a complete description of
these arguments).

5.1 Concluding remarks

More jacobian structures or anti-symmetric structures have been discov-
ered in other conformally invariant problems such as Willmore surfaces
[24], bi-harmonic maps into manifolds [22], n/2-harmonic maps into
manifolds [7-9], etc. Applying then integrability by compensation re-
sults in the spirit of what has been presented above, analysis questions
such as the regularity of weak solutions, the behavior of sequences of
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solutions or the compactness of Palais-Smale sequences.... have been
solved in these works.

Moreover, beyond the conformal dimension, while considering the
same problems, but in dimension larger than the conformal one, simi-
lar approaches can be very efficient and the same strategy of proofs can
sometimes be developed successfully (see for instance [27]).
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Reqgularity properties
of equilibrium configurations
of epitaxially strained elastic films

Bruno De Maria and Nicola Fusco

Abstract. We consider a variational model introduced in the physical literature
to describe the epitaxial growth of an elastic film over a rigid substrate, when a
lattice mismatch between the two materials is present. We establish the regularity
of volume constrained local minimizers of the total energy, proving in particular
the so called zero contact-angle condition between the film and the substrate.
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1 Introduction

In this paper we present some regularity results for equilibrium configu-
rations of a variational energy modeling the epitaxial deposition of a film
onto a rigid substrate in presence of a mismatch strain between the lattice
parameters of the two crystalline solids.

The presence of such a strain is responsible of the so called Asaro-
Grinfeld-Tiller instability of the flat configuration: to release some of
the elastic energy due to the strain the atoms on the free surface of the
film tend to rearrange into a more favorable configuration. Thus, the film
profile becomes wavy or breaks into several material clusters, also known
as islands, separated by a thin layer that wets the substrate. However, this
phenomenon occurs only when the thickness of the film reaches a critical
threshold. We refer to [2, 8] for a detailed account on this effect.

Among the several atomistic and continuum models available for the
growth of epitaxially strained thin films, we follow here a variational

G. Mingione (ed.), Topics in Modern Regularity Theory
© Scuola Normale Superiore Pisa 2012



170

approach contained in [14] (see also [12, 15]), which was first studied
from an analytical point of view by Bonnetier and Chambolle in [3]. As
in this paper we restrict to two-dimensional morphologies, corresponding
to three-dimensional configurations with planar symmetry.

To describe the model studied in [3] we start by introducing the refer-
ence configuration of the film

Qh::{zz(x,y)€R2Z0<X<b,0<y<h()€)},

where A : [0, b] — [0, co) represents the free-profile of the film. Fol-
lowing the physical literature, the function /4 will be assumed to be b-
periodic, i.e., h(0) = h(b). Denoting by u : Q, — R? the planar dis-
placement of the film, we shall assume that u(x, 0) = ey(x, 0) at the in-
terface between the film and the substrate, where the constant ey depends
on the gap between the lattices of the two materials. In view of the peri-
odicity assumption on /4, we shall also impose the periodicity condition
u,y) =u,y) + ey (b, 0).

For a smooth configuration (4, u) the energy considered in [3] is given
by

G(h. ) :f [,u|E(u)|2+ %(divu)z] dz + o H\(T)), (1.1)
QIl

where p and A represent the Lamé coefficients of the material, E(u) :=
(Vu + VTu)/2 is the linearized elastic strain, o is the surface tension
on the profile of the film, I';, is the graph of &, and H' denotes the one-
dimensional Hausdorff measure.

The equilibrium configurations are defined as the minimizers of the
above energy under a volume constraint |€2;| = d. However, as shown
in [3], the minimizing sequences of the functional G may converge to
more irregular profiles 4, which are only lower semicontinuous functions
of bounded variation. Denoting by AP (0, b) (see (2.1)) the class of such
admissible profiles, a standard relaxation procedure leads to the following
representation of the energy associated to a configuration (%, u), where
h € AP(0,b), E(u) € L*(; I\\/Jlgyxrf), and u satisfies the Dirichlet and
periodicity conditions stated above,

Fh,u) = / [,u|E(u)|2 n %(divu)z] dz + o H (T + 20 H' (Zh).
Qp

Here I', denotes the extended graph of 4 and X, is the union of all vertical
cuts, whose length is counted twice, since they arise as limits of regular
profiles. The existence of minimizers for F under the volume constraint
|€2;| = d follows immediately as a result of its definition via relaxation.
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In this paper we address the regularity of global and local constrained
minimizers of F. Our approach follows very closely the one introduced
by Fonseca, Leoni, Morini and the second author in [6] (see also [5] for a
related problem), where a slightly different model and a stronger notion
of local minimality were considered. As in [6] we show that the profile
of a constrained local minimizer of F may have at most finitely many cut
segments or singularities of cusp type, being C'-regular away from these
singular points (see Theorem 2.5 below). In particular, we show that the
so called zero contact-angle condition also holds for the model studied
here.

The notion of local minimality considered in this paper was introduced
in [7] in connection with a thorough study of the local and global mini-
mality properties of the flat configuration. As we have already mentioned,
this notion is weaker than the one considered in [6]. As a consequence,
the starting points of the regularity analysis, that is the equivalence be-
tween local minimality for the constrained problem and the penalized one
and the interior ball condition, are more delicate to prove (see Proposi-
tion 3.1 and Theorem 3.4). Also the proof of the C'-regularity at the
interface between the film and the substrate presents additional technical
difficulties because of the coupling of the Dirichlet condition on {y = 0}
and the Neumann condition on I', that must be satisfied by the displace-
ment u.

This paper grew out from a series of lectures given by the second au-
thor during the intensive period “Regularity for Non-linear PDEs”, held
in 2009 at the De Giorgi Center in Pisa. Both authors gratefully acknowl-
edge the hospitality of the organizers and of the Center.

2 Statement of the existence and regularity results

In this section we present the model studied by Bonnetier and Cham-
bolle in [3] and the related functional setting. We also state the regularity
theorem.

Throughout the paper we denote by z = (x, y) the generic point in R?
and by B, (z) the open disc centered in z with radius r. Given two sets
A, B C R?, their Hausdorff distance is defined as

dn(A, B) :=inf{e >0: A CN.(B) and B C N.(A)},

where N, (A) denotes the e-neighborhood of A.

In the following we are going to consider lower semicontinuous peri-
odic profiles. To this aim we introduce the class of admissible profiles

AP(0,b) = {g : R — [0, +00) : g is lower semicontinuous

L 2.1)
and b-periodic, Var(g; 0, b) < oo},
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where Var(g; 0, b) denotes the pointwise total variation of g over the
interval (0, b)

Var(g; 0,b) = Sup{z lg(x) —gxi—)|: 0<xo<x1 <...x; < b}.
i=l1

Since g € AP(0, b) is b-periodic, its pointwise total variation is finite
over any bounded interval of R. Therefore, it admits right and left lim-
its at every x € R denoted by g(x+) and g(x—), respectively. In the
following we use the notation

g ()= max{g(x+), g(x—)}, g (x):=min{g(x+), g(x—)}. (2.2)
To represent the region occupied by the film, we set

Qi ={(x,y):x€(0,b), 0 <y <gkx)}
QZ ={x,y):xeR, 0<y<gk}

while the profile of the film is given by

Ty i={(x,y):x€[0,b), g (x) <y <g"(x)}

The set of vertical cracks (or cuts) is

Yo ={(x,y):x€[0,b), glx) <g (x), gx) =y < g (0}

We will also use the notation Fg = {(x,y) € R?2: x € R, g (x) <
y < gt(x)}. The set ZZ is defined similarly. Finally, we set Fg =
r,Us, M=rtust
Given g € AP(0, b), we denote
LDy(2; ]Rz):={veleoc(Q#; R?) : v(x, y)
= v(x+b, y) for (x, ) € Q. E(v)|g, € L*(Q; M)},

sym

where E(v) := %(Vv + VTv), Vv being the distributional gradient of v
and Vv its transpose. Given ¢y # 0, we define

X (eo; b):= {(g, v):g€ AP0,b),v: QZ — RR? such that
v(-, ) —eo(+,0) € LDy(S2g; R?), v(x,0) = (epx,0) for all x G]R}.

We introduce the following convergence in X (eq; b).
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Definition 2.1. We say that (h,,, u,) — (h, u) in X (ep; b) if the follow-
ing two conditions hold:

@) sup Var(h,;0,b) < +0o and dy(R3\ Q) R\ Q) — 0,
where R := {(x, y) e R*: y > 0};

(i) u, — u weakly in W,"2(Q*; R?).

loc

Notice that the definition is well posed since by (i) it follows that if
dist(£, Ri \ ) > 0 then dist(€/, Ri \ an) > 0 for n large enough.
The notion of convergence just introduced is motivated by the following
compactness result (see [3,6]).

Theorem 2.2. Let (h,, u,) € X (ey; b) be such that

sup [ 1B + Var(h: 0.5 + 19,1} < o
Qp,

n

Then there exist (h, u) € X (eo; b) and a subsequence (h,, , u,,) such that
(hnys un) — (b, u) in X (eo; D).

We work in the framework of linearized elasticity and we consider
isotropic and homogeneous materials. Hence, the elastic energy density
W : M2X2 — [0, +00) takes the form

sym

1 A
W) = SCE 1 & = plél + E[tr(s)]z,
where

Ct = ((2M + A&+ Aéxn 2ué12 )
2ué12 2 + A)éxn + A&y

and the Lamé coefficients p and A satisfy the ellipticity conditions
n >0 and A > —L. 2.3)
Note that
W (&) > min{u, n + A}|E]? for all & € M (2.4)

and thus condition (2.3) guarantees that W is coercive. If (g, v) € X (eo; b)
and g is Lipschitz, the total free energy is defined as

G(g.v) 3=f W(E®))dz + H'(Ty),
Qg
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where we have set = 1 in (1.1). The following result, proved in [3]
(see also [6]), gives a representation formula for the energy in the general
case and an existence result for the corresponding constrained minimum
problem. To this aim, we set for any (g, v) € X (eo; b)

F(g,v) := inf{liminf G (gu, vx) : (gn, va) = (g, V) in X (eo; b),
n— o0
gn Lipschitz, [Q,,| =[]}

Theorem 2.3. For any pair (g, v) € X (eo; b)
F(g.v) = f W(E @) dz +H'(T) +2H' ().
Qé’

Moreover, for any d > 0 the minimum problem
min{F (g, v) : (g, v) € X(ep: b), |$2| =d} (2.5)
has a solution, the minimum value in (2.5) is equal to
inf{G(g,v) : (g,v) € X(eo; b), |2,| =d, g Lipschitz}
and the limit points of minimizing sequences are minimizers of (2.5).

Our regularity result applies not only to global minimizer, i.e. minimiz-
ers of (2.5), but also to local minimizers, which are defined as follows.
Definition 2.4. We say that an admissible pair (&, u) € X(ep; b) is a
local minimizer for F if there exists § > O such that

F(h,u) = F(g,v)

for all pairs (g, v) € X (eo; b), with |Q2,| = || and dy (T}, T*) < 6.

Notice that a (sufficiently regular) local minimizer (2, u) € X (ep; b)
satisfies the following set of Euler-Lagrange conditions:

div CE(u)=0 in Q;

CE(u)[v]=0 on I',N{y>0}; 2.6)
CEw)(O, y)[v]=—CE ) (b, y)[v] for0<y<h(0)=h(b);

k + W(E(u))=const onI';, N{y > 0},

where v denotes the outer unit normal to €2, and k is the curvature of
I';,. Due to (2.4), equation (2.6), is a linear elliptic system satisfying the
Legendre-Hadamard condition.
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Before stating the regularity result, we need to introduce the set of cusp
points of a function g € AP(0, b)

Yooi={(x,g(x)):x€[0,b),g” (x)=g(x), and g/, (x) =—g’ (x) =+o00},

where g~ is defined in (2.2), and g/, and g’ denote the right and left
derivatives, respectively. As before, the set Ej is obtained by replacing
[0, b) by R in the previous formula and coincides with the b-periodic
extension of X, ..

Theorem 2.5 (Regularity of local minimizers). Ler (h,u) € X(ep; b)
be a local minimizer for F. Then the following regularity results hold:

(i) there are at most finitely many cusp points and vertical cracks in
[0, b);
(i) the curve FZ is of class C' away from E,’f U EZ,C;
(i) T} N{(x,y) : y > 0} is of class C"* away from Z U EZ,C for all
o € (0,1/2);
@(iv) let A .= {x € R : h(x) > 0and h is continuous at x}. Then A is
an open set of full measure in {h > 0} and h is analytic in A.

Statement (ii) of Theorem 2.5 implies in particular that the zero contact-
angle condition between film and substrate holds. On the other hand, if
h > 0is of class C'¥ for all @ € (0, 1/2), and if (h,u) € X(eo; b)
satisfies the first three equations in (2.6), then classical elliptic regularity
results (see [7, Proposition 8.9]) imply that u € C Le(Q,) forall @ €
(0, 1/2). Moreover, if also (2.6)4 holds in the distributional sense, then
the results contained in [11, Subsection 4.2] imply that (4, u) is analytic.

3 The interior ball condition

The proof of Theorem 2.5 is quite long and we shall follow the path set
in [6]. When dealing with the parts of I'} above the x-axis, our argument
is a bit simpler than the one followed in [6] On the other hand, the proof
of the zero contact-angle condition for the model considered here requires
some new ideas and extra care.

The first step consists in removing the constraint [2,| = d by showing
that if (4, u) is a local minimizer, then (%, u) is also a local minimizer of
the penalized functional

(g, V) € X(eo; b) = F(g,v) + Al|Q] —d|,

for some A > O sufficiently large, depending also on u. This gives a
much larger choice of variations and in particular allows us to prove that
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Q7 satisfies a uniform interior ball condition, namely thatif 0 < o < 1/A
is sufficiently small (depending on u), then for all z € F,’f there exists an
open disk B, (z9) C Q;f such that d B,(z0) N FZ = {z0}.

Proposition 3.1. Let (h, u) € X (eo; b) be a local minimizer for F. Then,
there exist oy, Ao > 0 such that
F(h,u) =min{F(g,v) + Ald — || : (v, g) € X(eo; b),

Y 3.1
d’H(Fga Fh) = 0}7

forall0 <o <oy, A > Ag.

Proof. Observe that from Theorem 2.2 the existence of a minimizer (g, v)
for the variational problem in (3.1) follows immediately. Moreover, since
F(g,v) + Ald — || < F(h, u), we have

|d —12,l| < F(il\’ ”), and  H'(T,) < F(h, u). (3.2)

Next, given any function £ € AP (0, b) and any positive number M, let
us denote by kM = min{k, M} the function obtained by truncating k at
the level M. Clearly, k™ € AP (0, b). Moreover, it can be easily checked
that if k,/ € AP(0, b) and M > 0, then

dy (T, Th) < dn (T, T, (3.3)

Let § > 0 be as in Definition 2.4. We now choose o; > 0 with the
property that

~ o~ h)
Ih — hM|1op <301 = dn(T)y, T)) < > (3.4)

Next, we claim that there exists oy € (0, §/2) such thatif g € AP (0, b),
then

H' (T < F(h,u), |d— || < F(h,u),

2 (35)
dy (I, Ty) <00 = [1h — gllpop < o1

To prove the claim we argue by contradiction, assuming that there exists
a sequence g, € AP(0,b) such that H'(Ty,) < F(h,u), |d — |2, <
F(h,u) forall n, dy (T | T#) — 0asn — oo, but |k — gull 10,4 = 01-
Thus, we may assume that, up to a subsequence, g, converge inNLl 0, b)
and a.e. to a function g € AP(0, b). Note that , since dy(I'} , T'}) — 0,
then for all x € (0, b) such that g,(x) — g(x), we have (x, g(x)) € Fh.
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Therefore ¢ = h a.e. in (0, b), thus contradicting the fact that ||h —
gnllL10.p) = o1 for all n.

To prove the assertion it is enough to show that there exists Ag > 1
such that for any o € (0, 0y] and any A > Ay, the minimizer (g, v) of
the minimum problem in (3.1) satisfies the volume constraint [2,] = d.
To this aim, we consider two cases.

If Q] > d, we set § = g™, where M is such that |Q,u| = d, and
v = v. We have

F(g,0) < F(g,v) + Ald — || < F(h, u). (3.6)

Moreover, from (3.2) and (3.5) it follows that ||A — g|l 15 < o1. Thus,
from (3.2) we get

M M M M
lh—h" M pos < I1h—gleion+leg—28 lleros + 18" —h L0

<2llh—gllpion + g —&"lion
F(h,u)

<201+ |d — |Q,l| <201 + < 307,

provided that we choose Ay > F(h, u)/oy. Therefore, with such a choice
of Ay, recalling (3.4) and that oy < §/2 we have that

o o o - ~, 8
(T, T]) < dr (T T + dn(T). ) < dn (T T + 5 <6,

where in the second inequality we have used (3.3). Hence, recalling
(3.6), we get a contradiction to the minimality of (4, #). This proves

that [Q,] < d.

Let us now show that also inequality |2,| < d cannot hold if Ag is
large enough. In fact, if [Q,| < d we may define g = g + %. Note
that with such a choice [Q2;| = d. Moreover, using (3.2) again,

~, ~ ~, o~ ~y o~ d—|Q )
dn (T8, T) < dp (T4 T + (T4, T) < % +3 <6 ()

if we choose Ay > 2F (h, u)/(bs). Thus if we set
d — |$2]
~ b
v(x,y) =
) v xy—id_lggl ify>7d_|g2g|
9 b b 9
we get, using the minimality of (g, v),
2
. e
F(g,v) — F(h,u) = F(g,v) + EO(Z/L +2)(d — 1)) = F(h, u)

2
(4
< 3°<2u +2)(d — [Q]) — A(d — |2,]) <0,

ep(x,0) if0<y<
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provided we choose Ay > e(z) (2 + 1) /2. This inequality, together with
(3.7), contradicts the local minimality of (%, u), thus proving the asser-
tion. O

Before going on with the proof of the interior ball condition we state a
simple approximation result for one-dimensional BV -functions.

Lemma 3.2. Let h : [0, b] — R be a function with finite total variation.
There exists a sequence of Lipschitz functions g, : [0, b] — R such that
2,(0) = h(0), g,(b) = h(b), g, — h in L' (0, b) and

H'(T,,) = H' (T N (0, b) X R)+ [h(0+) — ~(0)] + [h(b—) — h(D)|.

Proof. Given ¢ > 0, extend & to a function &, : (—¢&,b 4+ ¢) — R, by
setting i, (x) := h(0) for x < 0 and h.(x) := h(b) if x > b. By a well-
known property of BV functions, there exists g, : (—¢&,b + &) — R,
Lipschitz continuous, such that

Ihe — gelliiceprey <€ and  |[H'(Ty) — H' (Th)| <e,

where I, := {(x,y) 1 x € (—e,b+¢),h;(x) <y < hl(x)}and [y,
is the graph of g.. Moreover, by slightly modifying g, in a neighborhood
of 0 and of b, if necessary, we may also assume that g.(0) = 4(0) and
that g.(b) = h(b). Then, g.j0.5 gives the required approximation of / in
[0, b]. O

Next result contains a useful isoperimetric inequality, whose elemen-
tary proof is reproduced from [7, Lemma 6.6].

Lemma 3.3. Let k€ AP(0,b)and let B, (z0) be a disk such that B, (z0) C
(x,y):x€eRandy < k(x)} and 9B,(z0) N F,’f contains 71 = (x1, y1),
22 = (X2, y2). Let y be the shortest arc on d B,(zo) connecting z| and 2,
(any of the two possible arcs if 71 and z; are antipodal) and let y' be the
arc on F,’f connecting 7, and z;. Then

1
H' () —H' (y) > ;IDI,

where D is the region enclosed by y U y’.

Proof. Denote by h the function whose graph coincides with y and ob-
serve that % = —( h )’, If k : [x1, x2] — R is any Lipschitz function

N 1+h2
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such that k(x;) = y; and k(x;) = y,, we have

Hi(y) —H () = / (VTR =TT h%) dx

2 (k=N h/
> / Sl f (k — h)dx.
X 1+h/2

Assume now that k € AP (0, b). Without loss of generality, we may also
assume that k(x;) = y; fori = 1, 2. Then, by approximating & in [x;, x;]
with a sequence k&, of Lipschitz functions according to Lemma 3.2 and
passing to the limit in the above formula, we get

HG) = H () = %/ "k = hydx.

From this inequality, the result immediately follows by the assumption
k> h. O

We are now in position to give the proof of the interior ball condition.
Note that though the proof presented here is similar to the one given in [7,
Lemma 6.7], the argument is more delicate since we are dealing with a
more general notion of local minimizer.

Theorem 3.4. Let (h, u) € X (eo; b) be a b-periodic local minimizers for
F. Then there exists py > 0 such that for any z € T} there exists a disk
B, (z0) C{(x,y) :x € Rand y < h(x)} with dB,,(z0) N F}f = {z}.

Proof.

Step 1. Let us first prove that if p, is sufficiently small then the boundary
of every disk contained in {(x, y) : x € Rand y < h(x)} can intersect
I/ at most in one point.

Let 0y, Agbe as in Proposition 3.1 and assume that there exists B, (zo) C
{(x,y) : x € Randy < h(x)} such that 9B,(z9) N F contains two
distinct points z;, zo. Setting z; = (x,, y,) i = 0,1, 2, we may assume
that x; < xp < x,. Let z be a point in F N ([x1, x2] x R) maximizing the
distance from 9B, (zo). We claim that 1f

% (3.8
=201 Agow) )
then dist(z, 0B, (z0)) < 0p.

In fact, if the claim were not true, setting z = (x, y), the line {y =y —
00/2} would lie above the disk B, (zo). Moreover, since r# N ([x1, x2] xR)
is a connected arc, this line Would intersect it in at least two points. Let
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us denote by z; = (X1, y — 00/2) and zp = (X2, y — 0p/2) the points
in I N ([x1, x2] x R) N {y = ¥ — 0¢/2}, with the smallest and largest
abscissa, respectively. Note that the projection over the y-axis of the
subarc of '} connecting Z; to Z is longer than 0/2 and the same is true
for the projection of the arc connecting 7, to z. Therefore we have that

H'(TF 0 (%1, %] x (F — 00/2, +09))) = 00, (3.9)

while X, — x; < 2p. Let us now define

o = {min {h(x),)') - %} if x € [F1, %]

h(x) otherwise,

and set # = u. Then, we have that dﬁ(f‘g, Fz) < 0y. Moreover, from
(3.9) we easily get, recalling also (3.8),

F(h, @) + Aold — |41| = F(h,u) < 2p + pAgoy — 0o <0,

thus contradicting the fact that # minimizes the variational problem in
(3.1).

Thus we have proved that if p satisfies (3.8) then every point in FZ N
([x1, x2] x R) lies at a distance from dB,(zo) smaller than or equal to
0o. Therefore, if we define 4 to be the function obtained by replacing &
in the interval [x;, x»] with the function whose graph is the upper arc on
dB,(zo) connecting z; and z,, we still have dH(FZ» ') < 0¢. Defining
u as above, we then have, using Lemma 3.3,

F(h, i) + No|d—|;]| — F(h, u)
< H'(3B,(z0) N ([x1, x2] x R)
— H' (T4 N ([x1, x2] X R) + Ag| D

1
< —;|D|+A0|D|,

a quantity which is negative if we impose that p is also smaller than 1/ Ay.
In this case we get again a contradiction to the minimality of (&, u).

Step 2. We argue here as in the proof of [6, Proposition 3.3], whose
argument goes as follows.

Fix pp > 0 so that the conclusion of Step 1 applies and consider the
union U of all balls of radius py that are contained in Q = {(x,y) :
x € Rand y < h(x)}. Our thesis is equivalent to showing that Q2 C U.
Assume by contradiction that this inclusion doesn’t hold. Then there
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exist z, € 2N AU, a sequence of balls B, (z,) C 2, and z), € 9B, (z,)
such that z;, — z;,. Up to extracting a subsequence we may assume that
By (zn) = Bpy(z0) in the Hausdorff distance, for some ball B, (z0) C £2
having z{, at its boundary. Note that the intersection of 9 B, (zo) with I'}
must be nonempty, since otherwise we could slightly translate the ball,

still remaining in €2 and this would violate the fact that Zo € oU. Hence,

by the previous step, dB,,(z0) N F = {Z'}. If z; and Z’ are antipodal,

then we can find T > 0 such that Bp0 (z0 + (25 — 2')) C R, which would
imply that z;, € U, a contradiction. If z; and 2’ are not antipodal, then
we can rotate B, (zo) around z;, slightly away from z’, to get a ball B of
radius po such that B’ C § and 2z, € dB’. Translating now B’ towards z,
we find a ball of the same radius containing z;, and contained in €2, which
gives again z;, € U. This concludes the proof of the theorem. O

The interior ball condition gives a sort of ‘unilateral bound’ on the
curvature of F# This is a key point in proving Theorem 2.5. More pre-
cisely we have the following result whose elementary, but delicate proof
is given in [4, Lemma 3]. Indeed in that lemma an external uniform con-
dition is assumed, but it can be checked that exactly the same arguments
go through in our situation and lead to the following proposition, which
we state without proof.

Proposition 3.5. Let (h, u) € X(eo; b) be a local b-periodic minimizer
for the functtonal F. Then for any zy € F# there exist an orthonormal
basis ey, e; € R?, and a rectangle

={zo+se +tey: —a <s<ad, =b <t <b},
a’, b’ > 0, such that one of the following two representations holds.
(i) There exists a Lipschitz function g : (—a’, a’) — (=b', b") such that
g(©0)=0and
{(x,y):x€eRandy < h(x)}NR
={z0+se +tey:—a <s <a, —b <t<g(s)}.

Moreover the function g admits left and right derivatives at every
point, that are respectively left and right continuous.
(ii) There exist two Lipschitz functions g1, g : [0, a’ ) — (=b', V') such
that g; (0) = (g1)'.(0) =0, fori =1, 2, g < g, and
{(x,y) :x eRandy < h(x)}
N{zo+se; +ter:0<s <a, —b <t <b'}
={z0+se; +tey: O<s<a', —b' <t<g(s) or g-(s) <t <b'}.
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Moreover the functions g, g, admit left and right derivatives at
every point, that are respectively left and right continuous.

Remark 3.6. Note that in case (ii) the point zy is either a cusp point or
a point in the vertical cut. Moreover, in this case, setting zo = (xo, ),
the balls of radius py centered in (x¢9 £ pg, yo), are both tangent to Fﬁ
and lay below FZ This observation immediately implies that there are
finitely many cusp points and vertical cuts, thus proving assertion (i) in
Theorem 2.5.

4 A decay estimate for the gradient of «

Following [6] we are now going to show that given a point in zo €
I\ (2} U2} ), then in a neighborhood of zo the integral of |Vu|* over
a disk of radius r decays faster than r. As in [6] the key ingredient to
get such an estimate is a well known result of Grisvard ([10]) describing
the behavior of solutions to the linear elasticity systems at corner points.
Here, however, differently from [6], we have to distinguish between the
case whether zg lies above the x-axis or is on the x-axis. The latter situa-
tion is more delicate to handle, while the former will be treated essentially
as in [6], with some simplifications.

In this section we will consider open sets whose boundary can be de-
composed into three curves

2=TUIhUT}j,

where '}, I'; are two segments meeting at the origin with an internal
angle w € (0, 2m) and I'; is a regular curve joining the two remaining
endpoints of I'; and I'; in a smooth way. We shall refer to such an open
set as to a regular domain with corner angle w. If 2 is a such a domain
and u € WH2(Q; R?), we set

o)v] :=CEWv] = [w(Vu + V'u) + A(divu)I][v],

where v is the exterior normal to d€2 and / is the identity map. Moreover,
following [10], for any complex number o we denote by S, a complex
valued function given in polar coordinate by

Soc = I"a(ba(l", 9),

where @, is a smooth function depending on « and on the corner angle
. Next result is proven in [10, Theorems I and 6.2].

Theorem 4.1 (Grisvard). Let Q2 be a regular domain with corner and
felP(QR?), 1 <p<2.
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(@) Let w € (0,2m) and let w € W'2(Q; R?) be a weak solution of the
Neumann problem

UAw 4+ (A + pw)Vdivw) = f in Q

“4.1)
o(w)[v]=0 on 0€2.
Then, there exist constants c,, c,, such that
W= caSu— Y 3% WP (Q; R?). 4.2)
Y da

The first sum is extended to all simple complex roots of equation

sin® aw = o? sin’ o, 4.3)
contained in the strip 0 < Rea < 2 — 2/p, while the second sum
is extended to all double roots of (4.3) contained in the same strip.
However, (4.2) holds provided that (4.3) has no solutions on the line
Rea =2-2/p.

(b) Moreover, ifw € (0, w) and w € W'2(Q; R?) is a weak solution of
the mixed problem

nAw + O+ w)Vdivw) = f in Q

4.4)
w=0o0nT,o(w)v]=00nT,UTI}j,

then (4.2) holds. In this case the first sum is extended to all simple
complex roots of equation

sin® aw = O+ 20 = O )’ sin® a)’ 4.5)
A+ @ +3u0)
contained in the strip 0 < Rea < 2 — 2/p, while the second sum
is extended to all double roots of (4.5) contained in the same strip.
As before, (4.2) holds provided that (4.5) has no solutions on the line
Rea=2-2/p.

Though this deep result gives no information about the roots of equations
(4.3) and (4.5), it can be easily proved that the solutions to both equations
contained in the strip 0 < Rea < 1 are bounded. Hence, by analiticity,
they are finitely many. A more precise information is provided by the
following result, proved in [13, Theorem 2.2].

Theorem 4.2 (Nicaise). If w € (0, 2r), then equation (4.3) has no root
in the strip 0 < Rea < % Similarly, equation (4.5) has no root in the
same strip if o € (0, 7).
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We are now going to combine the two previous results in order to get a
useful estimate for the solutions of both problems (4.1) and (4.4). Before
proving this estimate we need to recall the following well know Korn’s
inequality.

Theorem 4.3 (Korn’s inequality). Let M >0 and let Q CR" be an open
bounded domain starshaped with respect to a given ball B, (xy) C Q and
such that diam Q2 < M. Then there exists a constant C=C(p, N,r, M) >
0 such that for all u € wWhr(Q; R"), p>1,

/|Vu|”dx§C</ |u|de+f |E(u)|pdx>. (4.6)
Q Q Q

Moreover, if

/ udx =0 and / (Vu — V'u)ydx =0,
By (xo) By (xo)

then (4.6) holds in the stronger form

f|Vu|pdx§Cf |E(u)|” dx. (4.7)
Q Q

We can now pass to the proof of the a priori estimates. To this aim, we
recall that an infinitesimal rigid motion is an affine displacement of the
form a + Ax, where A is a skew symmetric 2 x 2 matrix and a is a
constant vector.

Theorem 4.4. Let Q2 be as in Theorem 4.1. There exist p € (4/3, 2) and
C > 0 such that if f € LP(;R?) and w € W"2(Q; R?) is a weak
solution to problem (4.1), then

lwllwer@rey < C(Iwlr@ry + | Fllr@re)- (4.3)

Similarly, if o € (0, ) there exist p € (4/3, 2) and C such that for every
weak solution to problem (4.4)

lwllw2r@r2y < CllfllLr@:r2)- 4.9

Proof. We start by proving (4.8).

As already observed, the strip 0 < Rea < 1 contains only finitely
many solutions to equation (4.3) and from Theorem 4.2 we may conclude
that there exists ¢ such that they are all contained in the strip % +e <

Rea < 1. Therefore, if we choose p > 4/3 such that 2 — % < % + &,
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from statement (a) of Theorem 4.1 we get that any weak solution to (4.1),
with f € L?(R2; R?) is in W>7(Q; R?).

To prove the estimate (4.8) let us set V = {u € WP (Q; R?) :
o(u)[v] =00n a2}, V := V/ ~, where for every u, v € V, we have set
u ~ v if and only if # — v is an infinitesimal rigid motion. We define a
norm in V setting for every equivalence class [u], withu € V,

ILell5 = E @) ey + 1V ulllLr-

Note that this definition is well posed, since if u ~ v, then E(u) = E(v)
and V?u = V?v. Note also that V is a Banach space. In fact, if [u,] is a
Cauchy sequence in V, set

ap :=][ u,dz, Ay = —][ (Vuh — VTuh) dz,
By (20) 2 JB,z0)

vp = up — ap — Ap(z — 20),

where B, (z¢) is a fixed ball, such that €2 is starshaped with respect to this
ball. Then, from (4.7) and the fact that f B.(z) Vb = 0, it follows easily

that the functions v, converge in W>”(£2; R?) to some v. Moreover, from
the definition of v, we have that o (v,)[v] = 0 on 9€2. Hence, the same
is true for v and this proves that V' is a Banach space.
~ Consider now the operator L : V — LP(€2; R?) defined for any [u] €
V as

Llu] := uAu+ (A + p)V({divu).

From what we have observed in the first part of the proof it follows that L
is a linear, continuous, surjective between two Banach spaces. Therefore
to prove (4.8) we only need to show that L is injective. But this is easy
since if L[u] = O for some u € V, then, recalling that o (u)[v] = 0, we
get that

f CE(u): E(u)dz =0.
Q

Therefore, from the coercivity condition (2.4) we deduce that E(u) = 0
and thus, Korn’s inequality (4.7) yields that u(z) = a+ Az for some skew
symmetric matrix A, hence [#] = 0. From the injectivity of L we then
get that there exists ¢ > 0 such that forallu € V

2
INEG) e + 11VulllLr@ < cllLlulllLr k).

From this inequality and inequality (4.6) estimate (4.8) immediately fol-
lows.
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The proof of (4.9) is even simpler. As before, from Theorem 4.2 we
get that there exists p > 4/3 such that any weak solution to (4.4), with
f € LP(2;R?) is in W>P(Q; R?). Then, one may introduce the set
Vi={ue W R)»: u=00onTy, o(u)[v] =0o0nT,UTs}and
easily prove that it is a closed subspace of W% (€2; R?). Then, setting
Lu = pAu + (A + p)V(divu) for every u € W>?(Q; R?), the proof
goes on as before. O

The above theorem gives a global estimate of solutions to the linear sys-
tems (4.1) and (4.4). However these solutions may have a singularity at
the origin, being smooth in the remaining part of 2. Next result provides
the local estimates of the higher order derivatives away from the origin.
The proof goes as in [6, Theorem 3.7].

Proposition 4.5. Let Q2 be as in Theorem 4.1 and let 0 < ry < r; be
such that the open set A := {z € Q : rog < |z| < r1} has positive distance
from I's. For any integer k € N there exists a constant Cy such that, if
w € W2(Q; R?) is a weak solution to either (4.1) or (4.4), then

sup |[VFw|* < ck/ |IVw|? dz.
A Q

Proof. By the Sobolev embedding theorem it is enough to show that for
all k > 2 one has

/|ka|2dz gc,Q/ |IVw|?dz, (4.10)
A Q

for some constant C; independent of w, a weak solution to either (4.1) or
(4.4). To this aim let us fix a point zp € I'y and r > 0 such that the ball
By, (zp) has positive distance both from the origin and I'3, and denote by
7 and v the tangential and normal unit vector, respectively. By applying
the standard difference quotient argument in the direction t (note that
this argument works under both Neumann and Dirichlet conditions) and
then Korn’s inequality (4.7), one easily gets that aa—'f belongs W!2(Q N
B>, (z0); R?) and satisfies the equation

ow
CE(SZ) : E(@)dz =0
/mBzV(zm <3T>

for all ¢ € W'2(Q N By, (z0); R?) vanishing in a neighborhood of Q N

0By, (zp). Thus, choosing in the above equation ¢ = nzg—f, where 7 is
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a smooth cut-off function with compact support in B3, /2(z9), 7 = 1 in
B, (20), IVl < ¢/r, we get from (2.4)

Jw\ |2
f nz‘E(—)‘ dz < c/ IVl Vw|* dz.
QNBy, (20) at QNBy(z0)

Applying (4.7) once more we have
v ow
7 ot

a 2
/ v(—w) dz < /
QNB: (z0) at QN By (20)
<c E\n—
QNBy, () dT

sc/ IVn|*|Vw|* dz
QN By (20)

C
< |IVwl|? dz.
QN B2 (20)

Covering d A N I'; with a finite number of such balls B, (zy), we get that
there exist a neighborhood U of d A N I'; and a positive constant ¢ such

that
dw\ |* 5
ViI— dz <c | |Vw|“dz. “4.11)
U at Q
We have thus estimated the L norm in U of 3 57 and 2 soay- In order to
estlmate &Y we use the Lamé system by rewrltmg it in terms of 3 57 and
310]) Settmg
(1,0) =at 4+ Bv, (0,1) =Bt —av,

where a? + % = 1, we have

ow 8w ,3 Jw 5 Jw ow

—_— = _ - = _— —a—

ax ay at av

and the Lamé system becomes
82

av?
2

e+ e+ 28] -

2

0°w;
(u+ A aB + 52

=~ [+ w+ne’] = p
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where f; and f, are linear combinations of the remaining second order
derivatives of w; and w, with coefficients depending only on A, i, & and
B. Hence

’wi _ filpt AN+ AR+ N ap

v? Qu+2)p ’
Pwy St (m+2) B+ fi(wt 1) ap
N Qu+A)u ’

which by (4.11) gives

f IV2w|*dz < c/ |Vwl|* dz.
U Q
dw

Since also 57 satisfies the Lamé system with the same boundary condi-
tion of w on I} we get that for any k > 2

/ VowPdz < ckf Vwl?dz.
U Q

A similar estimate can be obtained in a neighborhood U’ of A U T'; and
in a neighborhood of A \ (U U U’), thus proving (4.10). O

Next result is a technical lemma concerning the lifting of a normal trace
on the boundary of a regular domain with corner to a W2 function of
the whole domain. In the case of Neumann condition it was proved in [6,
Lemma 3.12]. However, in order to apply it to mixed Dirichlet-Neumann
problems, we also need to treat the case when both the trace of the normal
derivative and of the functions are assigned.

Lemma 4.6. Let 2 be a regular domain with corner angle o € (0, 27).
(a) Let g € W%*2(BQ, R?) be a function vanishing in a neighborhood of
the origin. There exists v € W>2(Q, R?) such that
o] =[w(Vo+ Vi) +adivo)]vi=g  on IQ
and
[ [ -
(b) Let g € W%*Z(Fz U I's, R?) be a function vanishing in a neighbor-
hood of the origin.There exists v € W>2(Q, R?) such that
v=2¢p(x,0) only, o)vl=g onlLUT; 4.12)

and

lvllw22@irey < c(@)[llgll 15 + leol]- (4.13)

W 2°7(I,Ul's; R?)
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Proof.
Step 1. It is easily checked that the the condition o (v)[v] = g is equiva-
lent to

31)1 a v U2 8
—(2M F AV A+ s+ —— s + —)»Vl =g
ay ox ay
4.14)
8v1 v, vy
—Av+ —puvy + —pvp + —(2M + v = go.
ox ay ox
Since
v v v dv v n ov
— = —v — —Vy, — = —Vv) + —y,
ax ov | ar ° dy  ov ° ot |

where v is the exterior normal and t is the tangent versor to d€2 oriented
counterclockwise, system (4.14) can be rewritten as

81)1 2 8v2 ~
—[M + (u+ vl + —(IL + Ay = g

8v
—](,lL + vy + —[M + (u+ A)Vz] = &,

where

- 81)1 81)2 2 2
g1 =2 +¥(M+A)V1U2+¥(MV2—AU1) (4.15)

and

o 8v1 2 2 31)2
g2=gz+¥(kv2 — Hvy) — E(MJrk)vm- (4.16)

Therefore we have

v Silu+ (A =S +Mviva
v 20 4 A T Qu+a
) (Mj‘ )lf Cu+1)p @.17)
vy olut+w+Mil—gi(w+Mvv,
dv Qu+1p CQuAMp
Let us now impose that < "”1 = ‘33% = 0. With such a choice, even if

v is discontinuous at the orlgin, by the assumption on g the functions
hy, h, at the right-hand sides of (4.17) are zero in a neighborhood of the
origin, hence they are both in W%’z(a 2). Therefore we may apply of [9,
Theorem 1.5.2.8 | to get a function v € W?2(Q; R?) with v = 0 and

normal derivatives < 0”’ = u(2ﬁ 75 on 92, and such that the W22(Q; R?)

norm of v is bounded by a constant times the WZ’Z(BQ; R?) norm of
(hy, hy). Hence assertion (a) follows.
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Step 2. We now deal with case (b). Note that, up to a rotation, we may
always assume that I'; lies on the positive x semi-axis.

We start by fixing v equal to ey (x, 0) on the whole boundary 9€2. Next,
we extend g to a function g : Q2 > R2. To this aim, if U is a neighbour-
hood of the origin suchthat g =0on A:=U NIy, weset B :=U NI,
and define g as follows:

(@, B) € R ifzeB
g(2)=18 ifze"UT;
any smooth interpolation between (o, 8) and g otherwise.
We now impose that g—"ﬁ satisfies (4.17) where g, g, are defined as in
(4.15), (4.16), with g replaced by g. Then, in order to prove (4.12) it
is enough to show that o and 8 can be chosen in such a way that the
functions A, h; in (4.17) belong to W%’z(BQ) and satisfy
172111 + [172]]

= clllgll +leoll.  (4.18)

1o, 1o, 1,
W220Q) W220Q) W22(I,Ul's;R2)

Once this inequality is proved, [10, Theorem 1.5.2.8] again will imply
that there exists v € W>2(3Q2, R?), satisfying (4.17) and v = ey(x, 0) on
I'y, hence (4.12), such that (4.13) holds.

To prove (4.18) note that

a 1,0 r
v _ )eo(1,0) on I 4.19)
ot eo(—12,0) onIs.

In order to choose «, B so that iy, h, € W%*Z(HQ) we only need to worry
about the regularity of these functions in A U B. From (4.15), (4.16) and
(4.19), we have that

hy = —2eou(p + A)viv; on A (4.20)

while 7} = a¢(2u + A) on B. Thus, we set « so that «(2u + A) is equal
to the right hand side of (4.20). Similarly, observing that

hy = eouva[ViQ2u + 1) — Av3] on A 4.21)

and that 1, = B+ Auey on B, we choose B so that B+ Aueg coincides
with the right hand-side of (4.21). Note that, with such choice of « and
the functions %, /i, belong to W%’Z(B 2) (while in general g, g» do not)
and that (4.18) is satisfied. ]
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We are now in position to prove a decay estimate near the origin for
the gradient of solutions either of the Neumann problem (4.1) or of the
mixed problem (4.4).

Theorem 4.7. Let 2 be a regular domain with corner and let u €
W12(Q; R?) be either a weak solution to the Neumann problem

wAu + A+ p)V({divu) =0 in Q2
o(w)[v]=0 onT'{ UT,,

or a weak solution to the mixed problem

uAu + (A + p)V(divu) =0 in Q
u=-eyx,0)onl’y, ocw)vl]=0o0nI,
(in the latter case assume also w € (0, w)). Let ro > 0 such that Ero N
I's = (. Then, there exist C > 0, « > 1/2, depending only on A, u and
Q, such that for all r € (0, rp)

f |Vul>dz < Cr2“/(|u|2 + |Vul?) dz. (4.22)
BN Q

Proof. We shall prove the assertion only for the mixed problem, the other
case being similar and actually simpler (see also [6, Theorem 3.11]).

Fix t € (0,1) so that B,, N tI's = ¢ and set Q' := ¢ Q. Clearly,
Q' is a regular domain with the same corner angle w of Q and boundary
Q" = t(I'y UT, UT3). By Proposition 4.5 we get that u € C*° (2 \F,l),
where 0 < | < rg, and

f |VZu|>dz < c/ [Vul|? dz.
Q\By, Q

From this estimate and the assumption o (x)[v] = 0 on I',, setting I" :=
tI', Ut I3, we have

o @Oy, s (a4 VR)dz < € [ (Vufd
W2 (3 R?) Q\By, Q

for some constant Cy independent of u. By applying Lemma 4.6 to the

function g := o (u)[v] € W%’z(th U tT'3; R?) we get that there exists a

function v € W2>2(Q'; R?) such that

v=2¢y(x,0) ontIy, o)[vl=g ont(,UT}y), 4.23)

Ivllweznry < c[ligh 1, + leol] < cllullwizgpe.  (4.24)

W22 OQ;R2)
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Defining w := u—v, we get from (4.23) that w solves the mixed problem

wAw + (A + ) V(divw)=—puAv — (A + ) V(divv) in
w=0 ontI'y, o(w)[v]=0o0n¢(, UTI}j).

Thus, (4.9) implies that
lwllw2r@.r2y < cllvllwzr@:r?), (4.25)

for some p > 4/3 depending only on the Lamé constants and on €.
Thus, if 0 < r < ro, using the Sobolev imbedding theorem, (4.24) and
(4.25), we have

/ |Vul>dz < 2/ (IVw|* + [Vv]?) dz
B,NQ BN
2—p

2 2p P ap-)
§c/ [|Vw|2w+|Vv|z—p]dz r
B,NQ

4(p—1)

2 2
<cr r (”w”WZyP(Q’;]RZ) + HUHWM(Q,;RZ))

4p=D

<cr p/ (lu* + |Vul?) dz,
B,NQ

hence (4.22) follows with o := 2(p — 1)/ p, which is strictly greater than
1/2, since p > 4/3. U

Let (4, u) be alocal minimizer of F. We are now going to describe the
behavior of Vu near a point zg = (xo, yo) € I'} \ (2} U Z,’f’c), showing
that the integral of |Vu|? in a ball B, (z¢) decays faster than r.

In order to prove this decay estimate we need a slightly different ver-
sion of the Korn inequality whose proof can be found in [6, Theorem 4.2].

Theorem 4.8 (Korn’sInequality in subgraphs of Lipschitz functions).
Let B’ be the unit ball in R"~" and let h : B — [—L, L] be a Lipschitz
function with Liph < L for some L > 0. Define

Ch:={(x',x,) € BB xR: —4L < x, < h(x")}.

Then there exists a constant C depending only on N, p, and L such that

|Vu|”dx§C< lulPdx + |E(u)|”dx>

Ch Ch Ch



193

forallu € WhP(C,; R"), p > 1. Moreover for any ball B compactly
contained in B’ x (—4L, —3L) there exists a constant C| depending only
on N, p, L and on the radius of B such that

/|Vu|pdx§C1/ |E(u)|? dx
Cp Ch

forallu e WhP(Cj,; R") with

/(Vu — VTu) dx = 0.
B

As a consequence of previous result and Proposition 3.5 we have that if
z0el fl \ (Ef; U E}f, .) then there exists a neighborhood U of zq such that
ueW(Q'NU;R.

Theorem 4.9. Let (h, u) be a a local minimizer of F and zo € I‘Z \
(EZ U Ez’c). Then, there exist« > 1/2, Cy > 0, ro > 0, such that for all
re (07 rO)

/ \Vul>dz < Cor®. (4.26)
By (z0)N<2],

Proof. As in [6, Theorem 3.13] we will prove the result by a blow-up
argument. We shall discuss only the case zop = (xo, yo) with yo = 0,
whose proof is similar but more difficult than the proof needed in the
case yo > 0, which goes exactly as in [6].

We are going to show that there exist « > 1/2, Cyp > 0, rp > 0, such
that for all » € (0, rg)

/ |Vu|>dz < Cor. 4.27)
By (z0)N{x>x0}N<2,

Then, combining (4.27) with a similar estimate in B, (z9) N{x <xo} N in,
we get (4.26).

Step 1. We start by assuming first that 4/ (xo) < oco. We may also
assume that / is not identically zero in a right neighborhood of x, since
otherwise there is nothing to prove. By Proposition 3.5 there existsr; > 0
such that /1(x, x,+r) 18 @ Lipschitz function with Lipschitz constant L. For
any 0 <r < ry set

T, (z0) :=={(x,y) € (xo,xo+r) xR: 0 <y <h(x)}
Set also

v(x,y) :=ulx,y) —ey(x,0) for all (x,y) € Qz.
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We claim that there exist C; > 0, § > 1/2 such that for all T € (0, 1/2]
there exists r; > 0 with the property that

/ |Vv|2dz§C1t2’3f (1+|Vv[*)dz forallr € (0,r;). (4.28)
Trr(Z())

T (z0)

We argue by contradiction assuming that (4.28) does not hold, i.e., there
exist 7p € (0, 1/2] and a sequence of radii r,, converging to zero such that

/ |Vu|2dz>clr§ﬂ/ (1+|VvP)dz  foralln € N (4.29)
Trorn(ZO)

T, (zo)

(C and B will be determined at the end of Step 3).
Define the sets

1
Tn = r_(Trn (ZO) - ZO)

h n
= {(s,z)eR2:0<s<1,0<t<M}.

I'n

Setting g,,(s) := h(xo + 7r,S) /T, 8oo(s) = h’+(x0)s for s € [0, 1], since
by Proposition 3.5 4/, is right continuous in 0, it is easily checked that

8n — 8o InC([0,1]), g, — g, inL”(0,1)forall p>1. (4.30)
In particular, x7, converges almost everywhere to xr., where
T :={(s,0) eR*: 0<s <1, 0<t<gools)}

Note that T, = @ if i/, (xo) = 0. We rescale also v by setting

v n
v,(2) = w forall z € T,
I’lrl‘l
where A, > 0 and
2 1 2
Ay = [Vv|“dz.
| Trn (ZO) | Ty (20)

Up to a (not relabeled) subsequence, we may assume that A, — Ay as
n — oo. Note that by (4.29) we have that L, € (0, co]. Since

1
Vo, |*dz = 1, 431
|Tn|/Tn| val2dz @31)
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and v, = 0 on 07, N {y = 0}, observing that the functions g, are are
Lipschitz continuous with Lipschitz constants bounded by L, we may
extend each function v, to a function (still denoted by v,,) defined in the
rectangle R = (0, 1) x (0, 2L) so that

lvallwizgre) < (LY Ualll2(r,) < c.

Therefore, up to a subsequence, we may also assume that there exists
Voo € WI2(R: R?), with v = 0 on (0, 1) x {0}, such that v, — v
weakly in W12(R; R?). Moreover, from the definition of v, we have that
for every ¢ € C'(R; R?) vanishing on [0, 1] x {0} and on {1} x [0, 2L]

/(CE(vn):E(go)dzz—i—O [Qu+1)vigr+rpovs | dH'. (4.32)
T, n JoT,

If h_(x9) > 0, letting n — oo in (4.32), we get

CE(va) : E(p)dz = _;_0 [QuAnvigi+rgan]dH' (4.33)
Too 00 J 0T

for every ¢ € C'(R;R?» vanishing on [0, 1] x {0} and on {1} x [0, 2L].
In fact, the convergence of the left-hand side of (4.32) to the left-hand
side of (4.33) is obvious, while the convergence of the right-hand side
follows from (4.30) observing that

lim [ [Qu+ Mg + rgava|dH!

n—oo Jor

1
= lim [ [=Qu+1)g,()@1(s, 8. (5)) + A@a(s, gu(5))]ds

n— oo 0

I
= /o [—Q2u + 28l ()91(s, 8o (8)) + Apa(s, goo(s))]ds

= / [(2/L + v + )»(,021)2]617'[1.
3T

Note that if 4/, (xo) = 0, we get no limit equation, since both sides of
(4.32) converge to zero.

Step 2. Let us now fix a function v € C '(R; R?) vanishing on {1} x
[0,2L].
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If 7, (xo) > 0, from (4.32) and (4.33) we get, setting ¢ = ¥*v, and
@ = V’vo,, respectively,

V2 CE(v,):E(v,) dz

Ty
=—/ YCE ) : (ta® VY +(v, ® VY)T) dz
Ty

1
— O =@+ 18l 0 (5. gu (YA, 8als)

)\'n 0
AU (S, ga()YE(s, gals))]ds

f V2 CE(vs) @ E(Voo) dz
T

=— | YCE®Wx): (Voo ® V¥ + (V0o ® VY)') dz

Teo
€o ! , 2
) [— Q21 + 1) 8o () Voo, 1 (S, 8oo (SN (S, goo(s))
+ Moo 2 (8, 8o (8)) V5 (s, 8oo(5))]ds.

Therefore, from the two previous equations we may conclude that

lim | Y2CE,):Ew)dz= | Y?CE(vs): E(vs)dz, (4.34)
Tn

n—oo T
o0

provided that we show that the right-hands side converge to the corre-
sponding right-hand side. To this aim, note that the convergence

f Y CE@,) : (v, ® VY + (v, @ VY)')
T,

— f ¥ CE (Vo) 1 (Voo ® VY + (Voo ® V)T
T

is an easy consequence of the weak convergence in W!-2(R; R?) of v, to
Voo. Let us now prove that

1
f 8 (V1 (s, 8u(SNYT(S, gu(s)) ds
0 (4.35)

1
— /0 800 () Vo0 1(5, 8o (VT (S, 8oo () ds.

The proof of the convergence

1 1
/0 025, gu (Y25, ga(s)) ds —> /0 0025 8o (NYE (S, ools)) ds.
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is similar and actually simpler. To prove (4.35) observe that, since
V,(5,0) = voo(s,0) =0 fors € (0, 1), we have
1
lim [ g, ()va1(s, gu (YT (s, gu(5)) ds
n—od 0

v,
Unl (s 1) dsdt
dy

Un,1 (s, 1) dsdt
dy

) 1 ) gn(s)
= hm[ g, ()Y, (S,gn(S))/
n—oo 0 0
ad

lim / g () Vi(s, gal(s))
n—oo Tn
, 2 8Uoo,l
- / SIS, geel) 22 s, 1) s
Teo Yy

1
=/ 8o ()V00,1 (8, oo (N YT (S, 8oo(s)) ds.
0
Now that we have established (4.34) observe that it implies that

lim wz CE(, — Vo) : E(V, —V50)dz =0
Tn

n— oo

for all ¢ € C'(R; R? vanishing on {1} x [0,2L]. Finally, from this
last equation, recalling that v, = v, = 0 on (0, 1) x {0} and using
Theorem 4.8, we conclude that

lim Vv, — Vus|?dz =0 forall0 <7 < 1. (4.36)

n—oo for

Let us now show that if 4/, (xo) = 0, we have

lim |Vu,|*dz =0 forall0 <7 < 1. 4.37)

—
n—o0 Jo.

In fact, to prove this equality we choose, as before, ¢ = ?v,, in (4.32),
thus getting

f Y2CE(v,): E,) dz=— f YCE@): (1, ®VY + (v, ® VY)') dz
T, Tn

1
+ ;_o /0 [—Qu 428, ()01 (5, ga(SDYT (s, ga(5))

+ AU 2(8, 8a(5) V3 (5, ga(s))]ds.

Then we conclude that the right-hand side of this equality tends to zero.
In fact

lim [ Y CE,) : (v, ® V¥ + (v, ® V¥)') dz =0,

n—0oo T,
n
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since v, — Vs weakly in W12(R; R?) and x7, — 0 a.e. in R, while,
arguing as before, we have

1
lim [ [—Q2u A+ g, (5)vn1 (s, ga (YIS, ga(s))

n—o O
+ AV 2(8, 8 (V5 (s, 8a(s))]ds
1
= / [— 2 + 1) gl (5) Voo, 1 (5, 8oo (VT (S, 8o (5))
0
+ Moo 2 (8, 8oo () V35, goo(s)) ]ds =0,

since goo = 0 and v (s,0) = O for s € (0, 1). Therefore, we may
conclude that

lim | ¥2CE(v,) : E(,)dz =0,
Ty

n—oo

hence, (4.37) follows.

Step 3. Assume first //, (xo) > 0 and set

e
Uso = —O(x, 0) + vso.
Aoo

From (4.33) we have that u, solves the problem
UAUs + (A + )V (diviuy,) =0 in Ty
oo = ~2(x, 0) on (0, 1) x {0},
Aoo
o (Uso)[v] =0 on {(s, g (s)) : s € (0, D}

Therefore, from Theorem 4.7 we get that there exist C > 0, 8 € (1/2, 1],
depending only on A, p and h’+(0), but not on ¢(, Ao, such that

/ |woo|2dz50r2ﬂ/ (lusel® + |Vusol*)dz  forall0 <t < 1/2.
1o Too

From this inequality, recalling that v, = 0 on (0, 1) x {0}, we have in
particular that

2
4
f Vvo|* dz < Crozﬂf (ATO - |Vvoo|2> dz,
0T Too 00
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for some C again depending only on A, & and A/ (x0), but not on g, Ax.
Recalling (4.31) and (4.36) we have

/ |[Vuso|?dz = lim |V, |*dz
70T

n—o0
w07
2

1 2 (4
= lim —— vU2dz<Crﬁnm(1+—°>,
n—o0 iz /Trornco)' Fdz=Cnn I, A

for some C, independent of ey and A,. Therefore, for n large,
/ Vo2 dz < 2C,10° (7232 + r2ed),
Trorn (z0)

hence,
f |Vol2dz < ng‘"/ (14 |Vu[?) dz,
Tryry (z0) Ty, (z0)
for some C3 depending only on A, i, A, (xo), eo and L, but not on A..
This inequality contradicts (4.29), if we choose C; > Cj3, thus proving
(4.28). Therefore we may conclude that there exists C4 > 0 such that for
all T € (0, 1/2] there exists r, > 0 with the property that

f (14 Vul?) dz§c4r2ﬂ/ (14 |Vul*)dz forallr € (0, r.].
Tt (20) Ty (z0)

Fix now « € (1/2, B), T € (0, 1/2] such that C47%# < 7%, Iterating the
previous inequality we then get

/ (14 1Vul?) dzgrz’m/ (14 |Vul*)dz forallk € N.
Tk, (z0) Tk-1,, (20)
From this inequality (4.27) easily follows.

If 4/, (xo) = 0, the argument is easier. In fact, from (4.37) we have

lim |Vv,|*dz =0,

n—oo 07T,
hence
IVv|>dz =0

im —
292

n—o00 }"n )Ln Tforn (20)

and the conclusion follows as before.

Step 4. We are left with the case 4/, (xo) = +oo0. In this case, by Proposi-
tion 3.5 there exists a rectangle R = (xo, xo+5") X (0, a’) such that Q’ZOR
lies above the graph of a Lipschitz function g : [0, a’) — [xg, xo + &)
with right and left derivatives at every point, which are right and left con-
tinuous respectively and such that g’(0) = 0. The proof then goes exactly
as before. O
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5 Proof of Theorem 2.5

By Proposition 3.5, for each point zg € '} \ (EZ U EZ’C) there exists a
rectangular neighborhood R such that I'} N R is the graph of a Lipschitz
function g having right and left derivatives at every point, which are right
and left continuous, respectively. We shall say that z is a corner point if
the corresponding right and left derivatives of g are not equal. Next result
shows that I'# \ (E}f U ZZ’C) has not corner points, hence it is of class C'.

Proposition 5.1. Let (h, u) be a local minimizer of F. Then, T'} \ (£} U
T .) isof class C'.

Proof. As we have observed above, it is enough to show that if zo =
(x0, yo) € FZ \ (ZZ U EZ’C), then zq is not a corner point. To this aim
we assume yp = 0, the case yp > 0 being similar and actually simpler
(see [6, Theorem 3.14]).

Let r € (0, rp), where ry is as in Theorem 4.9, and let z. = (x/, y/)
the point in I'} N 9 B, (zo), with the smallest abscissa. Similarly, let z// =
(x!, y/') the point in I'} N 3 B, (zo), with the largest abscissa. Set

oo {h(x) if x ¢ [x], x)]

s(x) ifxelx,x!

ro>r b

where s : [x], x]'] — R is the affine function whose graph is the segment
connecting z, and z/. Set Q) = Qf U (R x (—o0, 0]) and extend u to
so that the new function, still denoted by u, satisfies u(x, y) = eo(x, 0)
for all x € R, y < 0. From (4.26) we have that

f _|VulPdz < Cr™
Br(20)N2

for some o > 1/2 and C > 0 independent of . Then, since §~2’Z N B, (zp)
is a Lipschitz domain, we may extend u to a function defined on B, (z)
and still denoted by u such that

/ \Vul>dz < C'r*®
Br(z0)
where C’ is independent of r. Then, from Proposition 3.1 we have
0> F(h,u) — F(h,u) — A||;] — ||
> H' (T}, N B, (20)) — |z, — 2| — / W(Ew)dz — Amr?

By (z0)
> |z, — z0l + 12) — 20l — |z, — 2| = C'r* — Amr?.
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Then, from the previous chain of inequalities we obtain that

2r — |zl — 2| < er®,

for some ¢ > 0 independent of r. Therefore, dividing both sides of the
inequality above by r, we have

| / //|

7 _ Zr — % Cr2a—1
— =
Letting r — 0, since « > 1/2, we obtain lim,_,¢+ @ = 2, thus
showing that the left and right tangent lines at zy coincide. This concludes
the proof. ]

Let us now prove that I'} \ (2} U =7 ) N {y > 0} is of class C"* for
all @« € (0, 1/2). For the sake of completeness, we reproduce here the
proof given in [6], with some small simplifications. To this aim we recall
the following decay estimate, which is more or less classic and that can
be obtained arguing as in Theorem 4.9 (see also [6, Theorem 3.16]).

Theorem 5.2. Let (h, u) be a local minimizer for the functional F. Then
for every closed subarc T C T\ (E;f U E;f’c) N {y > 0} and for every
0 < o < 1 there exist a constant C > 0 and a radius r( such that for all
0<r <Ryandforallzo € T

/ |Vul?dz < Cr°.
By (20)N2,

We conclude by proving statement (iii) of Theorem 2.5.

Proposition 5.3. Let (h, u) be a local minimizer of F. Then, T}, (Eﬁ U
Tp.) N {y > 0}is of class C'* for all o € (0, 1/2).

Proof. Let us fix an open subarc I' C T} \ (2 U 7 ) N {y > 0} such
that I is the graph of a C! function. To fix the ideas (the general case
being similar), let us assume that I' = {(x, h(x)) : x € (¢’,b)} and
that » € C'([a’,b']). Set M := max{|h'(x)| : x € [d,b']} and fix
o € (1/2,1). Then, from Theorem 5.2 there exist 7; > 0 and C > 0
such that for all xy € (a’, ') and r € (0, ry)

/ |Vul|*dz < Cr?°,
Cr (x0)N<,
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where C, (xg) := (xo — 7, xo + 1) X (h(xg) — Mr, h(xy) + Mr). As in the
proof of Proposition 5.1 we may extend u to C,(x¢) so that the resulting
extension, still denoted by u, satisfies the estimate (see Theorem 5.2)

/ |Vul*dz < Cr, (5.1)
Cr(20)

for some C independent of xy and r. We set now

- {h(x) if x & [xo0, X0 + 7]
h(x) = )
s(x)  ifx € [xp, x0 + 7],

where s : [xg, xo + 7] — R is the piecewise affine function whose graph
connects (xg, n(xp)) to (xo + r, h(xo + r)). Then, from Proposition 3.1
and (5.1), arguing as in the proof of Proposition 5.1, we easily get that,
for r is sufficiently small (but not depending on xo),

xXo+r

1+ h2dx —/(h(xo+7r) —h(xo)2+r2 <cr’®. (5.2

X0

Using the elementary inequality

alb —a) (b —a)?
14+52—+/1 2>
VA =14 @ 2 e S i, 77
with a := f;}"” h'dx and b := h'(x), and integrating the result in

(x0, xo + 1), we get

1 xo+r . xo+r , 2

X0 0

1
V14 h2dx — =/ (h(xo + 1) — h(x)2 +r2 < cr® ™,
-

xo+r

1
< —
T r

X0

where we also used (5.2). Thus, in particular,

xXo+r xo0+r |
][ 1 (x) —][ h/ds) dx < cro 1.
X0 X0

A similar inequality holds also in the interval (xo — r, xo). Hence, by [1,
Theorem 7.51] we conclude that / is in clo=s ([d’, b']). This proves the
assertion. ]
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